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This paper studies the cardinality of a smallest set 7 of t-subspaces of the finite projective
spaces PG(n,q) such that every s-subspace is incident with at least one element of 7,
where 0 <t < s <n. This is a very difficult problem and the solution is known only for
very few families of triples (s,t,n). When the answer is known, the corresponding blocking
configurations usually are partitions of a subspace of PG(n,q) by subspaces of dimension
t. One of the exceptions is the solution in the case t=1 and n=2s. In this paper, we solve
the case when t=1 and 2s<n<3s—3 and g is sufficiently large.

1. Introduction

This paper continues a research project started in [6]. The frame of the
project is the following very general problem of Galois geometry.

Problem. Given a projective space PG(n,q) and integers s,t with 0 <t <
s <n, what is the smallest cardinality of a set B of t-subspaces with the prop-
erty that every s-subspace contains an element of B? What is the structure
of the smallest sets B?

A survey article on this and related problem was given in [9]. The fol-
lowing cases of this problem have been solved: ¢t =0 in [4], s=n—1 in [1],
n<s—1+s/t in [3], and finally t=1 and n=2s in [6]. For t=0, the smallest
example consists of the points in a subspace of dimension n—s. For s=n—1
the solution is the trivial bound, which is [a/b] where a is the number of
hyperplanes and b is the number of hyperplanes on a t-subspace. Structural
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information on the smallest sets in the case s=mn—1 has been given in [5].
For n <s—1+4s/t, the smallest example consists of the members of a geo-
metric t-spread in a subspace of dimension (d+1—s)(t+1)—1. The example
in the case t=1 and n=2s is more complicated and will be described below.

It should be noted that in the case t =0, in which the above problem is
quite easy to solve, much work has been done in order to determine the next
smallest minimal examples. For s=1, this leads to the theory of the so-called
blocking sets. Here especially the plane case has been studied intensively,
see [2,7,10].

A line spread of a projective space PG(n,q) is a set of lines that partition
the space. A line spread S is called geometric, if for every subspace T of
dimension three that is generated by two lines of spread, the lines of S
contained in T form a spread of 7. It is known that a line spread S of
PG(2s—1,q) is geometric if and only if every subspace of dimension s contains
a line of S (see e.g. [3]). We also consider PG(1,¢q), which is the projective
line; its only line forms a (geometric) spread of it.

Example 1.1. Consider in PG(2s+x — 1,q), with s > z > 1, subspaces
Y CACC with dim(Y)=z—-1, dim(A)=s+x—1 and dim(C)=s+2z—1,
and let u be an isomorphism of Y to the quotient geometry C'/A. For P€Y,
let Fp be the subspace of dimension s+ x with pu(P)= Fp/A. Also, let S
be a set of (¢** —1)/(¢> —1) subspaces of dimension 41 on Y that form
a geometric line-spread in the quotient geometry on Y. Let B be the set
consisting of the following lines. For each S €S, the ¢?* lines of S that are
skew to Y, and for each P€Y, the (¢°t* —¢"~!)/(¢—1) lines of Fp on P
that are not contained in Y.

Let U be a subspace of dimension s. We show that U contains a line of
B. It UNY =0, then (U,Y)/Y is a subspace of dimension s in the quotient
geometry on Y, so (U,Y) contains an element S of S, and then UNS is a
line of S that is skew to Y (and thus a line of B). If ¢:=dim(UNY") >0, then
the union of the subspaces F'p with PeY NU is a subspace T of dimension
s+ x+c¢; then U meets T in a subspace of dimension at least ¢+ 1, so for
some PeUNY the subspace Fp contains a point R with ReU and R¢Y;
then PR is a line of B that is contained in U.

As already mentioned, the above problem for ¢ =1 has been solved for
n<2s—11in [3], and for n=2s in [6]. For n=2s, the smallest examples are
the ones described in the above example with z=1. In this paper we show
that the above example is the solution in the case t=1 and 2s <n<3s—3
provided ¢ that is large enough.
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Theorem 1.2. Let B be a set of lines of PG(n,q) such that every subspace
of dimension s contains a line of B, where 2s <n <3s—3. Put x:=n—(2s—1)
and suppose that ¢>4%42x+1. Then

23_1 T _q s+x _ L x—

g —1 4 qg—1 qg—1
and the above example is the only one in which equality holds.

1

Remarks. (a) I am almost convinced that for large g the above example is
also best possible for n =3s—2 and perhaps for n =3s — 1. For s =2 and
n=3s —2=2s, this was shown in [6], and for s=2 and n=3s—1=05, 1
can also prove it. I am almost convinced that the proof given here can be
extended to a proof of the case n=3s—2, but the arguments would get quite
often more complicated, so I did not try to do this. For the same reason, I
did not try to find the best bound for q.

(b) The known solutions of the above problem have usually turned out to
be very useful. Especially when also the next best example is known, there
are many applications to finite geometry, see the survey article [9].

(c) The construction in Example 1.1 can be generalized to sets B of
t-subspaces with the property that every s-subspace contains at least one
element of B. We present one example with ¢ =2 and s =4 in PG(6,q).
In PG(6,q), let P be a point, let S be a set of (¢° —1)/(¢®—1) subspaces
of dimension three that all contain P and that form a geometric spread in
the quotient geometry on P. Let By be the set consisting of the planes that
lie in a member of S but do not pass through P. Also let By be a set of
(¢°—1)/(¢>—1) planes that all contain P and form a geometric line-spread
in the quotient geometry on P. Then |B1|+ |Ba|= (¢°+¢®)+ (¢* +¢* +1).
Every 4-space not containing P contains a plane of By, and every 4-space
on P contains a plane of By. Thus ¢%+¢*+¢®+¢*+1 planes are enough to
block all 4-spaces in PG(6,q). I do not know any smaller example.

2. Point sets in PG(n,q) meeting few subspaces

Throughout this paper, we shall consider the prime power ¢ fixed and use
the following notation

=T
This is the number of points in PG(n,q). Given subspaces U and M with

U C M, a complement of U in M is a subspace U’ with UNU’ = () and
(U,U")=M. The following lemma will be used frequently in this paper.
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Lemma 2.1. Let U be a subspace of dimension u of PG(n,q).

(a) The number of complements of U in PG(n,q) is ¢t =),

(b) Let C' be a subspace of U of dimension c¢. Then the number of subspaces
V with (U,V)=PG(n,q) and UNV =C is ¢(+=9—v),

Proof. (a) is a direct calculation, and (b) follows from (a) applied to the
quotient geometry at C. ]

Lemma 2.2. Suppose Py,..., P, are points of PG(x,q), > 1, that span a
hyperplane H. Let A#() be a set of points of PG(z,q)\ H, and let R be the
number of lines that meet {Py,...,P,} and A. Then R>z|A|@~ 1/,

Proof. Let r; be the number of lines on P; that meet A. Then R=ri+...+7r,.
We use induction on z. For =1, the assertion is trivial. We also prove x =2
directly. In this case, |A| <ryry and thus 7 +79>2,/rirs > 2,/4].

Now suppose that x> 2. Let U be the subspace generated by Pi,..., P,_1.
It has dimension x — 2. Let Hy,...,H, be the hyperplanes on U that are
different from H. Put a; = |AN H;|. Then > a; = |A|. Put a := max{a;}.
By the induction hypothesis, the number of lines that join one of the points
Py,...,P,_1 to one of the points of H;NA is at least (x—l)al(-xﬁ)/(m*l). Hence

d z—z2 -1 —1
... Fre1 > (z— I)Zaf* > (x — 1)ZaiaE = (z —1)|Ala=T.

Since one of the hyperplanes H; meets A in a points, we have r, >a. Thus
—1
R=ri+...4+1r,>a+ (x—1)|Ala=T.

The right hand side, considered as a function in a, obtains its minimum for
a=|A|®=D/* and this minimum is the lower bound we are looking for. 1

Remark. If ¢ is a square and if one considers PG(n,,/q) embedded in
PG(n,q) and a hyperplane H of PG(n,q) such that H NPG(n,\/q) =
PG(n—1,,/q), then one has equality in the lemma, if A=PG(n,\/q)\ H,
and Pi,..., P, lie in PG(n, /q)NH.

Lemma 2.3. Consider in PG(n,q) a subspace X of dimension x —1 > 0
generated by points Py,...,P,. Let A#() be a set of points in PG(n,q)\ X,
and denote by R the number of lines that meet {Pi,...,P,} and A. Then
there is a subspace U of dimension = with X CU and [UNA|> (z|A|/R)*.
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Proof. Let a be the maximum number of points of A in the subspaces U of
dimension x on X. Consider such a subspace. If Ry is the number of lines
that meet {Py,..., P} and UNA, then Ry >2|UNA|(*=D/® by the previous
lemma, provided that ANU #§. Thus Ry >z|UNA|/a'/* in any case, that
is even if ANU = (. Taking the sum over all such subspaces U, we obtain
R>z|A|/a**. Hence a> (x| A|/R)*. |

Lemma 2.4. Let x,neN with 1 <x <n. Suppose that K is a set of k<¢*
points in PG(n,q) and suppose that the number of subspaces of codimension
x that miss K is at most

z—1

(S
0.1 [ ==
- O
7=0

Then the average number of secants of K on a point of K is at most 40,_.

Proof. Put

S-—x]:[lM —1<i<n-gz
1 jzo @] ) — =

Then S; is the number of subspaces of codimension z of PG(n,q) containing
a given subspace of dimension i. The hypothesis states that K meets at least
S_1—¢*O,_157 subspaces of codimension z. Notice that S;_1 >¢*S; for all
0<i<n-—u.

Let C be the set of the subspaces of codimension x that meet K in at least
two points. Then K meets kSo—> e (|CNK|—1) subspaces of codimension
x. Therefore

kSo— > (ICNK[—=1)>S_1 — ¢"Op_151.
ceC
For Pe K, let ¢p be the number of subspaces of C on P, and let rp be the
number of secants of K on P, that is the number of lines on P that meet K
in a second point. As each secant of K on P lies in S7 subspaces of C while

different secants of K on P occur together in S subspaces of C, we have
cp>rpSy— (?)Sg. As rp<|K|<q¢" and Sy >¢"Ss, then cp> %rpSl. Also

1 1 1
cec ceC PeK PeK

Hence, if r is the average of the rp with P € K, then the right hand term is
krSy/4. Tt follows that

1
Z/ﬂ"51 <kSoy—S_1+¢°0,_151.
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As Sp>¢*S1 and r <k <¢”, this remains true, if we replace k& by ¢*. Using
then ¢*Sp—5_1 <0 gives r<460,_ 1. ]

Lemma 2.5. Let x,neN with 1<z <n. Let K be a set of k>©,_1 points
of PG(n,q) and w: K —N a weight function. Put r:= 1+ pc g w(P). Then
there exist x independent points F,...,P,_1 € K such that the sum of the
weights of these points is at most xr.

Proof. Define the points FPy,...,P,_1 recursively as follows. Let Py be a
point with smallest weight. For i > 0, let P; be a point of smallest weight
outside the subspace (Fy,...,P;—1). Let r; be the weight of P;,. Then ry <
r1<...<rp_1 and

kr=>Y w(P)>ro+qri+¢ra+...+¢" *ra—z+ (k — Op_2)ro_1.
PeK

If v :=(ro+...+74-1)/z, then fz_ol rig" > Oy, qr'. Since ry_1 > ' and
k>6,_1, it follows that kr>kr'. I

Lemma 2.6. Let K be a set of k points in PG(n,q) where ¢*—60,_1 <k<qg"
for some x € N with n>x>1. Suppose that at most

q"Oz-1 H %
j=0 7
subspaces of codimension x miss K. If ¢ > 4% 42z + 1, then there exists a
subspace of dimension x that meets K in more than @,_1 points.

Proof. Use the preceding two lemmas to see that there exist points
Py,...,P,_1 € K that span a subspace X of dimension x —1 and such that
the number of secants of K that meet {Py,..., P} is at most 4260, _;. Then
there exist at most 426,_; lines that meet {P,...,P;} and A:=K\(XNK).

Lemma 2.3 proves the existence of an xz-subspace U with X CU and
wna > AL
- (4@m71)x

Hence, if ¢:=|X N K], then

(k —¢) - k

UNK|>c+ z .
| | (4@I_1)I (4@I_1)I
Here the last inequality holds, since k<g¢®. We have

4m@x+1(q o 1):p+1 _ 4m(q:p o 1):p+1 < 4mqm(:p+1)

z—1
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and
k(g =1 > (¢" = 0, 1)" (g = 1" = (¢"T' = 2¢" + 1)"(¢ — 1)
> (q" ¢V (g—1)=¢"(q—2)%(q — 1)
> q° @ - 1( —2z)(g—1) > qx(”l)(q — 2z —1).

As ¢> 4%+ 2z +1, it follows that 4°0%T] <k®. This implies that |[UNK| >
Op_1. |

Lemma 2.7. Suppose K is a set of ©, points of PG(n,q) where 1 <z <n.
Suppose that there exists a subspace of dimension x that contains more than
©,_1 but not all points of K. Then at least ¢*("=%) —¢*("=2=1) gubspaces of
dimension n—x miss K.

Proof. By hypothesis, there exists a subspace U of dimension x such that
|KNU|=6O;—c for some ¢ with 1 <c¢<g¢"—1. Then ¢ points of K do not lie in
U, and ¢ points of U do not lie in K. Consider a point P of U that is not in
K. Then P lies on ¢*("~%) subspaces T of dimension n—z with TNU = P. For
each point Re K\ (UNK), exactly ¢°"=*~1) of these subspaces T contain
R. Thus there exist at least ¢*( %) — ¢g*(=2=1) gubspaces T of dimension
n—x such that TNU =P and TNK =(). As there are c¢ choices for P, we see
that K misses at least c(qm(”*‘r) —cq"”("*mfl)) subspaces of dimension n—x.
It suffices therefore to verify that

C(q:p(nfm) o Cqm(nfxfl)) > q:p(nfm) _ qm(nfxfl)

This is equivalent to (¢—1)(¢* —1—¢) >0, which holds as 1<c¢<¢"—1. 1

3. Preliminaries

As already noticed, the special case £ =1 of the main theorem is the main
result of [6]. It is stated again in Result 3.1, because it is of great importance
for the next section. Result 3.2 is Lemma 2.1 in [6]; it follows quite easily
from 3.1.

Result 3.1. Suppose that B is a set of lines in PG(2s,q), s > 1, such that
every s-dimensional subspace contains a line of B. Then

2542 _ g2 gstl

q
Z-1 -1

|B| >

The example described in the introduction (with x=1) is the only one in
which equality holds.
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Result 3.2. Let C be a set of lines in PG(2s—1,q), s>1, such that every
s-space contains a line of C'. Let P be a point contained in exactly k lines
of C.

(a) |C’\>q 7q +k.

(b) If k=0, then |C|>q = +L.

Lemma 3.3. Let R be a point of an x-space X of PG(2s—2+x,q) where
s>2 and x> 0. Suppose that C' is a set of lines with the property that every
subspace of dimension s—1 that contains no point of X \{R} contains a line
of C'. Let r be the number of lines of C' on R.

(a) |C|>¢** (qq :‘f +L—= _1> rq®+r.

(b) [C]> L= 4.

Proof. For the proofs, we may assume that the lines of C' are disjoint to
X \{R}, so they meet X in R or are skew to X.
(a) By Lemma 2.1 (b), there are ¢*(**=2) subspaces of dimension 25 —2

meeting X in R. By Result 3.1, each of these contains qu —|— q 1 lines of

C. Each line of C' on R occurs in ¢*(Z5—3)
lines of C' skew to X occur in ql’(25_4)

of these subspaces, Whereas the
of these subspaces. This gives

2s 2 s
z(2s—2) (4 — 4 " —1 Ol — z(25—4) x(2s—3)
q <q2_1+q_1 < (C[=r)¢* +7rq :

This proves (a).

(b) Let S be a subspace of dimension s+ containing X. Let C’ be the set
consisting of the lines of C' that do not pass through R, and of the ¢*©;_
lines of S on R that do not lie in X. Then C” fulfills the hypothesis of the

lemma. As R lies on ¢*O;_1 lines of C’, part (a) gives |C'| > q2"”q(2];—:({2 +
q*O,_1. Hence |C| 2q2‘”qzz:‘{2 +r. 1

Lemma 3.4. Let R be a point of an x-space X of PG(2s—2+x,q), s>2,
x>0, and let D be a set of d points outside of X. Suppose that C' is a set
of lines such that every subspace of dimension s—1 that contains no point
of DU(X \{R}) contains a line of C. Let r be the number of lines of C' on
R. Then

q2$ _ (]2

2
O] 2 1

+ max{0, ¢**Oy_1 — 1¢*} + 1 — dg"O,_1.
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Proof. We may assume that the lines of C' are disjoint to DU (X \ {R}).
For each point P of D choose a subspace Up of dimension s+ x containing
P and X, and let Cp be the set consisting of the lines of Up on P that miss
X. Then |Cp|=6Os4,-1— O, and every subspace of dimension s —1 on P
that is disjoint to X contains a line of C'p. Put

D':={RP|PeD} and C':=CUD'U (] Cp.
pPeD

Then every subspace of dimension s— 1 that contains no point of X \ {R}
contains a line of C’. The point R lies on 7’ := r +d’ lines of C’, where
d :=|D'|. Apply the previous lemma to C’ to obtain

q2$ _ q2
|C/| > q2$q27_1 + max{O,qu@s,l — T/qz} + 7.
As |O'|<|C|+d(Osy -1 —Oy)+d' and ' =r+d’, this gives
q2$ _ q2
|IC| > q2$q27_1 + max{0,¢**O_1 — 1'¢°} + 1 — dg*Os_, + dg*.

As r'=r+d <r+d, we have
max{0, ¢**O,_1 — '¢"} + d¢® > max{0, ¢**O_1 — ¢ }.

This proves the lemma. ]

4. The proof of the main theorem

For the rest of the paper, we consider integers s and z, and a prime power
q satisfying

(1) s>x+2>4 and ¢g>4"+2x+1.

Also, B denotes a set of lines of PG(2s — 1+ z,q) with the property that
every s-space of PG(2s—14xz,q) contains a line of B. We suppose that

2s 2s
g1 - -1 _
(2) |B‘ < q2_1 q2x+@:p71q$ 198 = q2_1 q2m+9m71qm@371 _{_@xiqu !

and shall prove in a series of lemmas that equality holds in (2) and that B
has the structure described in Example 1.1. This will prove Theorem 1.2.

Lemma 4.1. Let P be a point. Then P lies on at least ¢© —©,_1 lines of
B. Also the number of (2s—1)-subspaces on P that contain no B-line on P
is at most ¢*O,_1Ty where Ty is defined in (3).
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Proof. Subspaces of dimension 2s—1 have codimension x. Thus, the number
of (2s—1)-spaces containing a given i-subspace is
z—1

3) T = H @2572+z7i7j‘
=0 ©;

This implies that Ty >¢*T} and T7 > ¢*1T5 and

1 1
TET(qQ‘“rqm@_ ( + ))
0 2 T\ Oges | Oosy

This last inequality and (2) imply that

2

@ —q ¢ -1, |
(4) T0q27—1 > 1Ty <q2 — ¢ T+ 019" ) >To(|B| — Op-1¢"O4-1).

Let P be a point, let r be the number of B-lines on P, and let ¢ be the
number of (2s—1)-spaces on P that contain no B-line on P. By Result 3.2
(b), each of these t spaces contains at least (¢*°—q?)/(¢*> —1)+O;_1 lines
of B. By Result 3.2 (a), the other (2s — 1)-spaces on P contain at least
(¢**—q?)/(¢*>—1) lines of B that do not contain P. Since each of the |B|—r
lines of B that does not contain P lies in T5 subspaces of dimension 2s—1
on P, it follows that

2s 2
T —a

uEs © 410, 1 < (|B| - )Tz < |B| - Tb.

1
Using (4), it follows that ¢ < ¢*©,_1Ts. Since every B-line on P lies in T}
subspaces of dimension 2s — 1, we certainly have t > Ty —rTy. If r < ¢%,
then Ty > ¢*Ty and Ty > ¢*T, imply ¢t > ¢*(¢* — r)T», which in turn gives
¢*(¢* —r)<q*O,_1 and thus r >¢* — O, _;. |

Lemma 4.2. Every point lies on at least ¢* lines of B. If the point P lies
on exactly ¢ lines of B, then there exists a subspace S of dimension x4+ 1
on P such that all B-lines on P lie in S.

Proof. Suppose that P is a point that lies on ¢* —k lines of B where k> 0.
Lemma 4.1 gives k<O,_1. Lemma 2.6, applied to the quotient geometry at
P, and Lemma 4.1 ensure the existence of a subspace S of dimension x+ 1
on P that contains more than ©,_ ;1 lines of B on P. Thus, the number of
B-lines of S on P is ¢° — k —d for some d with 0<d<q¢®*—k—60,_1.

Let R;, t=1,...,0,_1+k+d, be the lines of S on P that are not in
B. Also denote by r; be the number of planes that meet S in R; and that
contain a B-line | with P¢[. Put r=min{r;}.
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Let H;, i=1,...,¢°" —k—d, be the B-lines of S on P. Also denote by h;
the number of B-lines that meet H;\ {P} and that are not contained in S.
Put h=min{h;}.

Let ¢p be the number of B-lines that are disjoint to S. From our definition
we have

co+ (¢" —k—d)h+ (Op_1 +k+d)r < |B|.
Put c:=max{0,¢"O4_; —r}. Then r >¢*O4_; — c and hence

(5) co+ (" —k—dh+ (Op_1+k+d)(¢°Os—1 — ¢) < |BJ.

Consider a line R; with r; =7 and apply Lemma 3.4 to the quotient geometry
at P (where the point R of Lemma 3.4 corresponds to the line R;). This
gives

2 > - ¢ 2
(6) q :Equ_l + max{0,¢*"Os—1 — rq"} —dg"Os_1 < co.

=cq”®
Combine (2), (5), and (6) to obtain
(7)((1:0 —k— d)h + C(qx —d-— @:c—l - k) + kqx@s—l < q% + @x—qu_l .

Using (1) and ¢* —d—k>O5_1, it follows that k=0.
Consider a line H; with h; = h. It lies on ¢*(23=2) subspaces U of dimension
2s—1 with UNS= H;. By Result 3.2, each of these subspaces U contains at

least qz;:(f lines of B that do not contain P. A line that is disjoint to .S lies

x(2s—4)

in ¢ of these subspaces U. A line that meets H; but is not contained
in S lies in ¢*(25=3) of these subspaces U. Count pairs (I,U) with lines € B
and subspaces U of dimension 2s— 1 satisfying UN.S = H;, and [ CU, and
P¢1 to obtain

q23 _ (]2
qm(2372) < Coq:p(2sf4) + hq:p(2373)’

-1 -
which gives
20> — z
(8) q o1 < ¢+ hq”.
Combine (2), (5), and (8) using k=0 to obtain
9) d(q"Og—1 —c—h) — Oy < 4+ Oy 1" =V

Thus dg*Os_1 <V +(h+¢)(Or—1+d), and (8) gives (h+c)(¢* —Or_1—d) < V.
Multiply the first of these inequalities with ¢* —©@,_1 —d, and then use the
second inequality to obtain (¢ —60,_1—d)dq*Os_1 <Vq*. As s>x+2, then
*Os_1>q¢""10, >qV. Hence (¢*—O,_1—d)dg<q*. As0<d<¢"—O, 1—1
and ¢>7, this implies that d=0. ]
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Definition. Points that lie on exactly ¢* lines of B will be called affine
points. The previous lemma shows that for each affine point P there exists
an (z-+1)-space on P that contains all B-lines on P. This (z+ 1)-space on
P will be denoted by Sp.

Lemma 4.3. There exist at least ¢*$7*~!

2¢*+t2*=1 points that are not affine.

affine points. There exist at most

Proof. There are @94y,_1 points, each lying on at least ¢” lines of B.
The number of points that lie on more than ¢* lines of B is thus at most
|B|(q+ 1) — O544-1¢". Using the upper bound for |B|, we see that this
number is at most 2¢°T2*~1. Thus, there are at most this many non-affine
points. As x <s—2a and as there are Oy, 1 points, it follows that more
than ¢>*7*~! points are affine. ]

Lemma 4.4. Let P be an affine point. Let ¢y be the number of B-lines
skew to Sp. Consider the B-lines that meet Sp in a unique point; let ¢ be
the number of these that meet a B-line on P, and let ¢; be the number of
these that do not meet a B-line on P.

(a)
A< 40, 16" g+ 1),

1 q2a:_qz .
> ¢O0, 1041 — O 14"
Cl =2 q Ug_ 1051 q_2<q+1 + Or-19q s

q23 _ (]2

2
qg-—1
(b) Suppose that the ©,_1 lines of Sp on P that are not in B lie in a

subspace of dimension x. Then every line h with P€hC Sp and h¢ B lies
in at least

co+ch < "+ (g +2)¢* 2

r—1

= ¢ O4_1 —
a q s—1 q_2

planes 7 that contain a B-line and satisfy nN\Sp=h. In particular ¢; > a©,_1.

Proof. Define ¢g,c,c1 as in the lemma. Also let ¢o be the number of B-
lines that lie in Sp but that do not contain P. Using the upper bound (2)
we obtain

(10) ¢“+co+er+cdi+c=|B <T+¢*+0, 1¢°0s 1+ Op_ 14"

where T:= %q%. Consider the lines R;, i=1,...,60,_1, of Sp on P that
are not in B, let r; be the number of planes # with 7N Sp = R; that contain

a B-line, and put r=minr; and ¢c:=max{0,¢*Os_; —r}. Then

(11) c1 >0, 11 >0, 1(¢"Os1 — ),
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and as in (6) the proof of Lemma 4.2 we see that ¢ >T + cq”. Therefore
(12) At et e(q” =) < 4% — 4"+ Oprg

There are ¢°*! points Q in Sp for which PQ is a B-line. Each of these lies
on at least ¢* lines of B, of which at least ¢* —1 do not contain P. This
implies that ca(q+1)+c) >¢* (¢ —1), that is

1

(13) co > (H—l(CJQ““’Jrl — gt = ).

Using this as a lower bound for ¢z in (12), and using at the same time that
c(q*—0Op_1)>c(q—2)O,_1, then (12) gives

1 2 _ ,x /
(14) 0, 1 < (q Lo, -1 )

q—2 qg+1 qg+1

As ¢} >0, this and (11) prove the lower bound for ¢;, and since ¢>0, it also
proves the upper bound for ¢}. Now combine (10), (11) and (13) to obtain

2 _ T
qi 1c/1 <T+ -9 Op 1" 1 +cO,_1.

q+1
Combine this with (14) to obtain

qa 1 q—1(¢*—¢° 1
1+—)<T 0, 141 ).
co+q+1cl(+q_2)_ +q—2<q+1 + Or_1q

co +

As the coefficient of ¢} on the left side is larger than one, this implies that
co+¢, <T+(q+2)g**~2. This finishes the proof of (a).

In order to prove (b), we suppose now that the ©,_1 lines of Sp on P
that are not in B lie in a subspace U of dimension x. Here P€U C Sp. Thus,
every line has at most ¢ points in Sp\U and we therefore can improve (13)
to

1
(15) 022§ (" —1—fi) =q¢* —¢" — 2.

From (12) and (15) we obtain
C(qx - @mfl) < @mfqu_l-

As ¢*~Op_1>(q-2)O,_1, this implies c < ¢* 1 /(¢—2). As c=max{0,¢"Os_1—
r}, then r>¢*O@;_1—c. Now the definition of r completes the proof of (b). Il
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Lemma 4.5. Let P be an affine point.

(a) If R is an affine point and R¢ Sp, then P¢ Sg.

(b) If R is an affine point and R¢ Sp, then dim(SpNSg) <z —1.

(c) There exists a subspace Up of dimension x with P € Up C Sp such
that a line of Sp on P lies in B if and only if it does not lie in Up.

(d) If R is an affine point then dim(UpNUg) >z —1.

Proof. Let 7 be the set consisting of all subspaces T' of dimension 2s—1 for
which TN Sp is a B-line on P. Apply Lemma 2.1 to see that |7 |=¢*(>s—1)
and every B-line on P lies in ¢*(**=2) elements of 7. Moreover, we have the
following.

e A u-subspace that meets Sp in a B-line [ on P, lies in exactly ¢*(2s—1-%)

elements of 7. This follows from Lemma 2.1 applied to the quotient
geometry at U.

e A u-subspace U with UNSp =P occurs in ¢
U and each B-line on P occur together in ¢®(*=2=%) elements of 7).

e A u-subspace U with UNSp=0 occurs in ¢*(2s=2-%) elements of T (since
U and each B-line on P occur together in ¢®(?*=3=%) elements of 7).

e If U is a subspace of dimension u and UNSp is a point R with R # P
and for which PR is a B-line, then U lies in ¢*(23=2-%) elements of 7.

#(25=1-u) glements of 7 (since

Let 7y consist of the subspaces T" of 7 that have the property that for some

point R of T', no B-line on R lies in T'. By Result 3.2, each element of 7
25 2

contains at least qqi? +1 lines of B, and each element of 73 contains at

q2s

qg:‘f +6,_1 lines of B. Let L be the set consisting of the B-lines that
either miss Sp, or that meet Sp in a unique point R+# P for which PR is a
B-line. Then each T' €7 contains one B-line on P while the remaining B-
lines of T lie in £. We have seen above that each line of £ occurs in ¢*(25—3)

elements of 7. Count incident pairs (I,7") with l€ £ and T €7 to obtain

least

2s 2 2s 2
z(2s—1) g —4q a9 —4q _ x(25—3)
(a Tol) "y +|70|<q2 T+ 6 1) < |Clg .

In the notation of Lemma 4.4, we have |L|=co+¢}. Use the upper bound
for co+ ¢} given there to obtain

|76|(@s—1 - 1) < q2x_2(q + 2)(]:0(28_3),
This implies that

(16) |Tol < (g + 1)g**=77L,
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(a) Suppose that R is an affine point with R ¢ Sp and assume that
P € Sgi. As the B-lines on P lie in Sp, then the line PR is not in B. The
line PR lies in ¢*(25=2) elements T of 7. If such a subspace T meets Sg not
only in PR, then it contains a plane m of Sg on PR. The line PR lies in
O,_1 planes m of Sg. Such a plane ™ meets Sp only in P or in a line on P;
in both cases, 7 occurs in at most ¢*(*=3) elements of T'. Therefore at least
¢*25=2) _9,_1¢°%3) clements T of T satisfy TNSr=PR. For such a T,
the point R lies on no B-line of T', because the B-lines on R lie in Sg; hence
T €7y. This shows that

‘76‘ > qz(2sf2) o Qz_qu(2sf3)

As s>z +2, this contradicts (16).

(b) Let R be an affine point with R¢ Sp and assume that U:=SpNSg
has dimension at least . Then U has dimension z. As P¢ Sk and R¢ Sp,
then PR ¢ U. The B-lines on P and R meet U. Since P and R lie on ¢*
lines of B, it follows that at least ¢* —©,_1 points of U are joined to P and
R by a line of B. Each of these points lies on at least ¢* lines of B, so each of
these points lies on at least ¢* —@,_; lines of B that do not lie in U. Thus,
if we consider all the points of U that are joined to P and R by B-lines,
then at least (¢*—©,_1)? lines of B contain one of these points and are not
contained in U= 5SpNSk. We may assume that at least one half of them is
not contained in Sp. Then Lemma 4.4 (a) gives

%(q"” — 0, 1)’ < ="+ 0, 1¢" (g + 1),
This is a contradiction.

(c) For every affine point R, call the ©,_1 lines of Sg on R that are
not in B, the special lines of R. For affine points R with R ¢ Sp denote
by fr the number of special lines h of R that miss all specials lines of P.
Consider an affine point R outside Sp and suppose that fr > 0. Let h be
a special line of R that meets no special line of P. Then hNSp =10, or h
meets some B-line on P in a point distinct from P. In both cases, h lies
on ¢*25=3) clements T of T. If such a subspace T' meets S not only in h,
then it contains a plane 7 of Sp on h. A plane 7w with h C 7w C Si does not
contain P (since R¢ Sp and hence P ¢ Sg) and thus lies in at most ¢%(2s~4)
elements of 7. As h lies in ©,_; planes 7w of Sg, it follows that 7 contains
at least ¢*(25=3) —0,_1¢*(®*=% elements T satisfying TNSr=h. These have
the property that R lies on no B-line of T, so that T'€ 7y. Thus R lies on at
least frq***=%(¢* —O,_1) elements of Tp.
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Count incident pairs (R,T') with affine points R outside Sp and subspaces
T €Ty. As each subspace T of 7y has ¢?©@s_3 points outside Sp, it follows
that

¢F G =6,1) Y RSP g+ )05

R¢Sp
R affine

Using (1), we obtain Z frR< T2 (g + 4).

R¢Sp
R affine

By Lemma 4.3 there are at least ¢?*7~1 affine points. At most O, lie in

Sp and at most ¢*T2%72(g+4) points R; satisfy f; >0. As 2s+x—1>s+22+1,
it follows that there exists an affine point R outside Sp such that each of
the ©,_1 special lines on R meets a special line on P. As the intersection
points are in Sp and Sk and as dim(SpNSgk) <z —1 (that was proved in
(b)), it follows that SpN Sk has dimension x—1 and that all special lines of
P lie in Up:=(SpN Sk, P).

(d) We first consider the case when R ¢ Sp. Assume that dim(Up)N
dim(Ug) <z —2. Then at least ¢*~! of the lines of Uz on R miss Up. Using
the notation of the proof of (c), this gives fr>¢*~!. Again from the proof
of (c) we see that R lies on frq®?*=%(¢® —O,_1) elements of Ty. Hence

q:pfl(q:p(2sf3) o @x71q$(2874)) < |76| < qusfmfsfl(q + 1)

As s>x+2, this is a contradiction.

Now we consider the general situation. As (Sp,Sgr) has dimension at
most 2z +3 < 2s <2s—1+x, Lemma 4.3 proves the existence of an affine
point A with A¢ (Sp,Sg). Then the special case already proved shows that
UpnNUy and UrNU4 have dimension z —1. As U4 has dimension x and is
not contained in (Up,Ug) (since A€Uy), it follows that UpNUs=UrNU34.
Thus UpNUg contains UpNUy and therefore dim(UpNUg) >z —1. ]

Lemma 4.6. There exists a subspace Y of dimension x—1 with the following
properties.

(a) If P is an affine point, then P¢Y and Y C Sp and furthermore a line
of Sp on P is in B iff it misses Y .

(b) If P and R are affine points with (P,Y) # (R,Y), then Sp =S or
SpNSr=Y.

Proof. (a) It follows from Lemma 4.5 (d) that all subspaces Up, P an affine
point, lie in a common subspace of dimension x + 1, or contain a common
subspace of dimension z—1. As P € Up for every affine point P and as there



BLOCKING SUBSPACES BY LINES IN PG(n,q) 475

are more than 0,1 affine points (Lemma 4.3), the first case is not possible.
Thus there exists a subspace Y of dimension x —1 with Y CUp CSp for all
affine points P.

Consider an affine point P. Then there exists an affine point R with
R ¢ Sp. Lemma 4.5 shows that P ¢ Sg. As Y C Sk, it follows that P ¢ Y.
Thus Y contains no affine point. Then Up = (Y, P), which means that a line
of Sp on P lies in B if and only if it misses Y.

(b) Suppose that P and R are affine points with (P,Y) # (R,Y’). Then
(P,Y)N(R,Y)=Y.If R¢ Sp, then Lemma 4.5 (b) shows that SpNSr=Y. If
Re Sp, then 4.5 (a) gives P € Sk, which implies that Sp=(Y,P,R)=Sg. 1
q1721 lines of

Lemma 4.7. (a) Every point QQ of Y lies on at least ¢*Os_1 —
B that meet Y only in Q.
(b) The number of B-lines that miss Y is at most
q23 _ 1q2:B N q21’—1
¢*—1 q—2

Proof. Recall that Y does not contain affine points. Also, if P and P’
are affine points with P’ ¢ Sp, then SpNSpr =Y by Lemma 4.6. Thus,
it is possible to find affine points Pi,..., P, for a suitable number ¢, such
that any two subspaces Sp, meet in Y and such that every affine point
lies in (a necessarily unique) subspace Sp,. As there are ¢*©s_1 points
outside Y and as |Sp, \ Y| = ¢"(¢+1), we have t < Og5_1/(¢+1). Thus
> e/t > ¢*t1 — ¢®~1. Then Lemma 4.3 shows that one of the sets Sp,
contains more than ¢*t'— ¢! affine points.

Thus, there exists an affine point P such that S := Sp contains more
than ¢t —¢®~! affine points. As [S\Y|=¢""! +¢% then S\Y contains
less than ¢ +¢*~! points that are not affine. There are ¢®! points in Sp
that do not lie in Up=(P,Y’). Thus there exists an affine point P’ in S\Up.
Then S=Sp=(Y,P,P'). As P'€Sp, then P € Sp/ (Lemma 4.5) and hence
Spr=(Y,P,P')=S5. If R is any affine point of S, then R€ Sp,Sp: and hence
P,P" € Sy, so that Sp=(Y,P,P')=S5.

Let @ be a point of Y. As @ lies on ¢®+¢*~! lines that contain a point of
S\Y, then S contains a line [ with INY =@ and such that all points of \{Q}
are affine. Then S'=Sp for all points Re€l\{Q}. Hence, every B-line that
contains a point R of [\{Q} is contained in Sp=2S. If we apply Lemma 4.4
(b) to one of the points Rel\{Q}, we see that there exists at least

z—1

q—2

Ci= qxes—l -
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planes m with mN.S =1 such that 7 contains a B-line. This gives at least ¢
lines of B that meet [ and do not lie in S. Hence these lines pass through
Q. This proves (a). Part (a) then implies that Y meets at least ©,_;c lines
of B. Using the upper bound (2) for |B|, the assertion of (b) follows. |

Lemma 4.8. If P is a point not on Y, then P lies on at least ¢ lines of B
that miss Y. If equality holds, then there exists a subspace Sp of dimension
x+1 such that (P,Y)C Sp and such that all B-lines on P are contained in
Sp.

Proof. Each of the ¢* point of (P,Y)\Y lies on at least ¢* lines of B and
thus on at least ¢* —©,_1 lines of B that miss Y. Thus, there exist at least
q*(¢*—©O,—1) lines in B that meet (P,Y) and that miss Y. Then Lemma 4.7
(b), shows that at most
q23 -1

2x
5 4
g —1

lines of B are skew to (P,Y).

In the rest of this proof we shall consider subspaces U of dimension 2s—1
satisfying U N (P,Y) = P, and lines h € B satisfying hN (P,Y) = (). There
are ¢*5=1 such subspaces U, and at most n such lines k. We count in two
ways the number of incident pairs (h,U) for these lines h and subspaces U.
Every line h occurs in ¢*23=3) such pairs. So the number of pairs (h,U) is
at most ng®(25=3),

The subspaces U we consider satisfy UN(P,Y) = P. Hence a B-line in
such a subspace U contains P or is disjoint to (P,Y’), and in the latter case
it is one of the lines h. Result 3.2 (a) shows that each subspace U contains
at least (¢**—q?)/(¢>—1) lines h. Let f be the number of subspaces U such
that P lies on no B-line on U. Result 3.2 (b) shows that these f subspaces
U contain at least (¢>*—¢?)/(¢?—1)+6;_1 lines h. Thus the number of pairs

(h,U) is at least
2s 2
qI(QS—l)(]Qi_q + f(—)s—l-
q¢ —1
Since this number is at most ng*2573) it follows that fO,_ 3 <g*Zs—1).

In order to prove the lemma, we may assume that P lies on at most ¢*
lines of B that miss Y. Let K be the set consisting of the B-lines on P that
miss Y and of the ©,_; lines on P that meet Y. Then |K|<©,. We have
to show that K consists of the lines on P in a subspace of dimension x+ 1.
Assume that this is not true. Apply Lemma 2.7 to the quotient geometry at
P, to see that there exist at least ¢%(2s—3) (¢* —1) subspaces V of dimension
2s —1 on P that contain no line of K. The hypotheses of Lemma 2.7 are
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fulfilled as the ©,_1 lines of the subspace (P,Y) on P lie in K. Such a
subspace V satisfies VNY =0 and thus VN(P,Y) = P. Hence these subspaces
V' are subspaces U considered above that have the additional property that P
does not lie on a B-line of U. Therefore f > ¢*(25=3) (¢®—1). If we compare this
to the above upper bound for f using s>z +2, we obtain a contradiction. il

Definition. Points that are not in Y and that lie on exactly ¢ lines of B
that miss Y will be called quasiaffine points. If P is a quasiaffine point, then
we shall denote the subspace of dimension x + 1 containing all the B-lines
on P by Sp.

Lemma 4.9. Let P be a quasiaffine point.
(a) The number of B-lines that meet Sp\Y in a unique point is less than
2x
/2.
(b) If h is a line with h ¢ B and P € h C Sp, then at there are at least
q*Os_1—q*"1/(¢—2) planes © with 1N Sp=h and such that 7 contains a
B-line.

Proof. Let ¢y be the number of B-lines disjoint to Sp, let ¢5 be the number
of B-lines contained in Sp\Y', and let ¢; be the number of B-lines that meet
Sp\Y in a unique point. Lemma 4.7 (b) shows that

q25 —1 2zx—1

q
c c cy < ¢%F .
ot+c1+c2=<gq q2—1+q—2

As each of the (¢+1)g” points of Sp\Y lies on at least ¢* lines of B that
miss Y, we have (¢+1)ca+c1 > (g+1)¢?®. Using this as a lower bound for
co in the above inequality gives

o q25 o q2 N q2:p71
-1  q-2

q
17 —0cc1 <
(17) Co+q+1c1_q

(a) There exist exactly q@tDE5=2) subspaces U of dimension 2s —2 with

UNSp = P. Such a subspace U does not contain B-lines on P. Apply

Result 3.2 to the quotient geometry at P, to see that U contains at least

g* 21 (z+1)(25—4)
?—1
such subspaces U, it follows that

lines of B. As every B-line that is disjoint to Sp occurs in ¢

(@+1)(25—2) ¢** 21 2s 2
q P —

= @D - e

This and (17) imply ¢; <¢**~2(q+1)/(q¢—2). This proves (a).
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(b) Let r be the number of planes m with m#N.Sp = h that contain a B-
line. For the proof of (b) we may assume that r = ¢*©Os_1 — ¢ with ¢ > 0.
Lemma 3.3 applied to the quotient geometry at P shows

2s 2
24 — 4
As ¢1 >0, this and (17) imply c<q¢*~!/(¢—2). ]

Lemma 4.10. If P and R are quasiaffine points with P,R¢Y , then Sp=Sg
or SpNSr=Y.

Proof. Put U := SpNSk. As Y CU, we have to show that dim(U) # x.
Assume on the contrary that dim(U)=z. Each of the ¢* points of U\Y lies
on at least ¢” lines of B that miss Y. This gives rise to ¢** lines that meet
U but not Y. These lines meet U in a unique point. Hence, none of them
lies in Sp and Sk, so we may assume that ¢*/2 of them meet Sp\Y but
are not contained in Sp. This contradicts Lemma 4.9. |

Lemma 4.11. Every point outside Y is quasiaffine. If P is a point of Y,
then there exists a subspace Fp of dimension s+ x with Y C Fp and such
that the B-lines on P are the lines of Fp on P that do not lie in Y.

Proof. Part I: For every point A¢Y let ¢*+d4 be the number of B-lines
on A that miss Y. Then Let ¢y be the number of B-lines that miss Y. Then

q2s_1 o 1

18 g = —— Trdy) = + > da.
( ) 0 q+1A¢Y(q A) q2_1q q+1p¢yA
Lemma 4.7 gives

(q+1)g* 201

19 dg < ————— < 2q°" .
(19) Aiy A S 7—2 q

Notice that d 4 >0 with equality iff A is quasiaffine. For points X €Y, let rx
be the number of B-lines h satisfying hNY =X. Put r:=min{rx | X e Y}.
Then Y meets at least ©,_1r lines of B. Hence r0,_1+ ¢y <|B|. Using (2)
and (18), it follows

(20) r<q¢* e,

with equality if and only if (2) is satisfied with equality, every point outside

Y is quasiaffine, no line of B is contained in Y, and rx=r for all X €Y.
In Part II of the proof we show for every point P €Y with r =rp the

existence of a subspace Fp of dimension s+x on P such that all lines of Fp
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that pass through P but do not lie in Y are B-lines. This gives r > ¢* 1O,
with equality only if Y C F. Then it follows that r =¢* '@, and Y C Fp.
This proves the lemma, since now rx =r for all X €Y.

Part II: Let P €Y with r =rp. Consider the ¢**(*~1) subspaces U of

dimension 2s satisfying UNY = P. By Result 3.1, each such subspace U
2571
i
contain more than this many lines of B. We count pairs (U, h) where U is
a subspace of dimension 2s with UNY = P and h is a B-line of U. Every
B-line h with hNY =P occurs in ¢@~ D@~ gych pairs and every B-line h

with ANY =0 occurs in ¢*~25-2) guch pairs. Hence

contains at least ¢? + O lines of B. Suppose that e of these subspaces

2s

2@ <q2 sz _—11 n @S> be < rgED@s=D) | g e-D@s=2),

Combining this with ¢y < |B|—©,_17r and the upper bound (2) for |B|, we
obtain

q2s(:p71)@s +e< Tq(mfl)(2sfl) + q(:pfl)(2372) (Q;pqqm*l@s o meﬁ) .

This gives
e < q(z—l)(23—2)@x72 <qx—1@3 - T) '

As7>q¢"O,_1—¢" ' /(¢—2) (Lemma 4.7 (a)), it follows that e <2¢>(==D~-1,
Denote by U the set consisting of the subspaces U of dimension 2s that

2s
meet Y in P and that contain precisely q2%2_;11 + O; lines of B. We have

just shown that [U/|>¢?*@=1)(1-2/q). The rest of the proof is divided into
several parts.

(a) If U €U, then U contains a point Ry and a subspace Vi of dimension
s+1 with Ry €V such that the B-lines of U on Ry are the @, lines of V;
on Ry. Every point of U other than Ry lies on q or g+1 lines of U that are
in B. This follows from Result 3.1 applied to U.

(b) We have Ryy=P for all Uell.

To see this, notice first that a point R with R¢Y occurs in ¢
subspaces U of dimension 2s with UNY = P. Assume that Ry # P for all
subspaces U €. Then we obtain at least

’U‘ r—2
e = (@72

(25—1)(z—1)

different points Ry. All these points are not in Y and lie on at least ©; lines
of B. Then (19) gives

(q _ 2)q:p72(@s _ q:p) < 2(]2:371‘
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This contradicts (1). Hence, there exists a subspace U €U with Ry = P. For
U’ €U the subspace U'NVy has dimension

dim(U") +dim(Vy) — dim((U", Vi) > 2s+s+1—(2s—1+z) =s+2 —x.

Also Ry = P € U'NVy. Therefore, at least ©4,1_, of the lines of U on
Ry =P lie in U’. As these lines lie in B, it follows that P lies in U’ on at
least Ogy1-_,>q+1 lines of B. Then (a) implies that P= Ry.

(c) Given a set of at most Oy, lines of B on P, there exists a B-line
on P that is not in this set and that occurs in at least ¢®>*~D@=1(1-3/q)
of the subspaces U of U.

To see this, we count incident pairs (h,U) with B-lines h on P and
subspaces U € U. Each U € U occurs in Og of these pairs. Each line of B
on P occurs either in no such pair (when it is contained in Y'), or in at
most ¢(2s~D(==1) (since this is the number of subspaces U of dimension 2s
satisfying UNY = P and containing a given line of h with hNY = P). Thus,
if z is the largest number of subspaces U €U/ containing a B-line on P that
is not in the given set, then

@s+m72q(2871)($71) + (7' - @s+m72)z > |u|@s

where 7 is the number of B-lines on P. As r<¢* 'O, and || >¢*@D(1-
2/q), it follows that z>¢Zs~DE=1)(1-3/¢).

(d) For i:=0,...,x — 1, there exists a subspace F; of dimension s+1+1
on P such that at least O, ; — (4i)g*T*~! of the lines of F; on P are in B.

This we prove using induction on i. For ¢=0, we take a U €4 and put
Fy:=Vy. Then Fy has dimension s+ 1 and all lines of Fy on P are in B.
Suppose now that 0 <i<x —2 and that we have already found a subspace
F; with the required properties. We shall construct F;, 1.

By (c), we find a B-line h on P that is not in F; such that the set
Uy :={UeclU|hCU?} contains at least ¢~ D=1 (1—-3/¢) elements. Define
Fi11:=(F;,h). Then F;;q has dimension s+2+i. For U €U}, we have

dim(F;, NU) > dim(F;) +dim(U) — 2s —1+2) =s+2+1i—z.

We want to show that for most subspaces U € Uy, the subspace F; NU is
contained in Vy. First recall from (a) that all B-lines of F;NU on P lie in
Vir. Hence, if F;NU V7, then at least ¢*T1+ =7 of the lines of F;NU on P do
not lie in B. Suppose that this happens for z of the subspaces U €,. Then
the number of pairs ({,U) with subspaces U €U}, and lines [ satisfying [ ¢ B
and PelCUNF; is at least z¢*t'7=%. On the other hand, the induction
hypothesis says that at most 4ig*t*~! lines of F; on P do not lie B. Also
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a line [ of F; on P occurs in at most ¢(25=2@=1) subspaces of U, (this is
the number of subspaces of dimension 2s that meet Y in P and contain a
given plane 7 satisfying 7NY = P). Thus comparing the two bounds for the
number of pairs gives

qu—i—l—i—i—:c < 4iqs—|—i—l(](23—2)(z—1)7

that is z <4ig?~DE=D=1 Ag |if, | > ¢~ D@1 (1-3/q), it follows that for
at least d:=q>~ D=1 (1 (4i+3)/q) subspaces U €Uy, we have F;nU C Vs
and thus dim(F;NVy) >s+2+i—x.

Consider one of these d subspaces U €Uy,. As he€ B and h CU, we have
hCVy. Thus,

dim(Vy N Fiy1) =dim(Vyu N F)+1>s+3+i—x.

This implies that at least ¢°T2+"~% of the B-lines of U on P lie in F;,; but
not in Fj; one of these lines is h. Since every line other than h on P that
lies in F;11 but not in F; occurs in at most q2s=2@=1) guhspaces U € Uy,
it follows that the number ¢ of B-lines on P that lie in F;;1 but not in F;

satisfies {
(t _ 1)q(23—2)(z—1) > d(qs+2+z—:c _ 1)‘

Thus .
414+ 3

q )
As F; contains Ogy; —4ig*t"1 lines of B on P, it follows that the number
of B-lines of F;y; on P is at least

t> qz—l(qs+2+i—z _ 1)(1 _

. 47+ 3 .
s+2+i—x 1)(1 _ L+ ) + @s-i-i _ 4iqs+z—1.

qz—l(q

This number is larger than O, ;1 —4(i+1)g*+.

(e) There exists a subspace F' of dimension s+x on P containing at least
Osia—1—3¢** 1 lines of B on P.
By (d) some subspace F' of dimension s+xz contains at least Ogy, 1 —4(z—
1)¢*+*=2 lines of B on P. Assume that more than 3¢?*~! lines of F' on P are
not in B. At least 2¢°*~! of these do not lie in Y. Then (19) implies that one
of these lines, call it h, will have the property that all points of h\ {P} are
quasiaffine. This implies that there exists a subspace S of dimension z+1 on
(h,Y’) such that Sp=.S for all Re h\{P}. Then every B-line that contains
a point of h\{P} lies in S.

As P lies on ©,_5 lines of Y, then (20) shows that P lies on at most
Ot o1 lines of B. We know that at most 4(z —1)g*T®~2 of the B-lines on
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P do not lie in F. As hC F, it follows that h lies in at most Ogy,o+4(x—
1)¢*+*=2 planes that contain one of the B-lines on P. Thus, there exist at
most this many planes 7 on h that contain a B-line and satisfy 7NS = h.
This contradicts Lemma 4.9 (b).

(f) All lines of F on P that are not contained in Y lie in B.

Assume on the contrary that F' contains a line h with hNY =P and h¢ B.
Consider the set S consisting of the s-subspaces S with SN F = h. Then
|S| = ¢+~ Also, each line [ with [INF|=|INh|=1 lies in g5+~ 1(s=2)
elements of S, and a line that is skew to F lies in ¢(s7*~D(=3) elements of S.
Every S €S has dimension s and contains therefore a B-line [g. We consider
different possibilities for the location of S and [g.

Case 1. We have SNY #£ P. Then S contains one of the @, 5 lines g of
Y on P. Such a line g lies either in zero or ¢®*+*=D(=2) elements of S (zero
in the case that g is contained in F'). This shows that Case 1 can happen
for at most @x,gq(5+l’_1)(s_2) §q(5+x_1)(5_1)_2 elements S of S.

Case 2. SNY =P and the line Ig meets F. Then |lsNF|=|lsNh|=1.
We find an upper bound for the number of B-lines that meet h but are not
contained in F. As P lies on at most O, lines of B, Step (e) shows that
P lies on at most 3¢?*~! such lines. If we denote the number of B-lines on a
point Z€h\{P} by ¢°+dz, then ¢""'+3"p_ 7}, dz lines of B meet h\{P};
by (19) shows that this number is at most ¢°T! 4 2¢**~1. Thus, at most
¢*T1 4+ 5¢%*~! of the B-lines that meet h do not lie in F. As each of them
lies in ¢(5t2=1(-2) glements of S, we see that Case 2 can occur for at most

(qurl + 5q2m71)q(s+m71)(372) < 6q2x71q(s+:p71)(372) < 6q(s+x71)(371)72

elements S of S.

Case 3. We have SNY = P, I[gNF = () and lg contains a quasiaffine
point. As SNY =P and P ¢ lg, then lgNY = (). The plane mg := (P,lg)
satisfies moN F = P. If Ay is a quasiaffine point of [g, then Ig € B implies
that lg C Sa, so that Sq, = (Y,lg). Thus SN S4, contain the plane 7y that
satisfies mgNF =P.

Recall that each quasiaffine point A gives rise to a subspace S4 of dimen-
sion z+1 and that different subspaces S4 meet in Y. The number of different
subspaces S4 is thus at most (¢%*—1)/(¢>—1). Each such subspace S4 con-
tains ©,0,_1/(q+1) planes 7 on P. If such a plane 7 satisfies 7TNF = P, then
7 lies in ¢G5+t~ D(3) elements S of S. Putting this information together,
we see that the number of subspaces S € § that satisfy the hypotheses of
Case 3 is at most

2s 1 O
q2 60,6054 e D(s-3) < gylsta—1)(s=1)-2
q¢ —1 qg+1
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Case 4. We have SNY =P, IsNF = and g contains no quasiaffine
point. Thus S contains g+ 1 points R that are not quasiaffine and satisfy
R¢ F,Y. By (19), there exist less than 2¢>*~! points R outside Y that are not
quasiaffine. Also every point R¢ F' occurs in exactly ¢5t7=D=2) elements
of S. Tt follows that Case 4 occurs for less than 2¢?*~1¢(st2=D(=2) /(g41) <
¢ste=1(=1D=2 ¢lements of S of S.

Combining Cases 1, 2, 3, 4, we find that |S| < 11¢(st*=D=D=2 Byt
|S| = qL+t#=D=1) 4 contradiction. This completes the proof of (f) and of
the lemma. |

Every point A not in Y is quasiaffine, and gives therefore rise to a sub-
space S of dimension x+ 1 containing Y, such that the B-lines on A that
miss Y are precisely the ¢* lines of S4 on A that miss Y. Also for two points
A and A’ outside Y we have either Sy =S54 or SaNS4 =Y (Lemma 4.10).
Thus, if S is the set consisting of the different subspaces S, then S is a line
spread in the quotient geometry on Y, which is a PG(2s—1,q).

Lemma 4.12. The line-spread S is geometric.

Proof. As mentioned in the introduction, it suffices to show that every s-
subspace of the PG(2s—1,¢) (which is the quotient geometry on Y') contains
a line of S. Back in the original space PG(2s—1+x,q), this means that every
subspace T of dimension s+z on Y contains a subspace S4 for some point
A¢Y. To see this, let S be a subspace of dimension s of T with SNY =().
Then S contains a line [ of B. Then [ C Sy for all A€l, which implies that
Sa=(L,Y)CT. |

It remains to show that the sets Fp with P €Y behave as described in
Example 1.1. For this we need a lemma and a result. The result follows from
Theorem 1 of [8].

Result 4.13. Suppose T is a set of points of PG(d,q) that meets every
subspace of dimension n, where n<d and ¢>5. If |T| < O4_,, + \/qufnfl,
then T contains a subspace of dimension d—n.

Lemma 4.14. Consider in PG(2s—1,q) a set S of mutually skew lines and
also q+1 subspaces Fy, ..., F, of dimension s. Put B":=FyU...UF,. Suppose
that every subspace of dimension s— 2 contains a point of B’ or a line of
S. Then there exists a subspace E of dimension s—1 and a subspace G of
dimension s+ 1 such that the F; are the q+ 1 subspaces that lie between E
and G.

Proof. We may assume that S is minimal with respect to the property that
every subspace of dimension s —2 contains a point of B’ or a line of S. We
show first that this implies that S=10.
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Assume that this is not the case and consider a line [ € S. The assumption
just made on S implies that there exists a subspace U of dimension s — 2
on | that contains no other element of B’US. As U has dimension s —2, it
is contained in @, subspaces of dimension s—1; also U meets at most O5_»
elements of S (since the lines of S are skew). It follows that there exists a
subspace V' of dimension s—1 on U such that [ is the only line of S contained
inV.As UNFE; =0 for all 4, then VN F; is a point P;. As every subspace
of dimension s — 2 contains an element of B’US, then every subspace of
dimension s —2 of V' contains [ or one of the points Fp,..., ;. This implies
that for each point P €l, every subspace of dimension s —2 of V' contains a
point of {P, Py, ..., P,}. The previous result implies then that {P, Py,...,P,}
contains a line. This holds for any choice of the point P of [. As [ lies in
U and the points P; lie in V' \ U, it follows that h:= {Fp,...,P,} must be
a line. Then this line A of V must meet the hyperplane U of V. This is a
contradiction, since no point F; lies in U.

Thus every (s—2)-subspace contains an element of B’. As |B’|<(¢+1)6s,
the previous result implies that B’ contains a subspace G of dimension s+1.
Then G is the union of its ¢+ 1 subspaces F;NG. The previous result (in
its dual form) implies then that the F; are contained in G' and form a dual
line, that is they all contain a subspace E of dimension s—1. ]

Lemma 4.15. (a) If | is a line of Y, then there exists a subspace E; of
dimension s+x —1 and a subspace G| of dimension s+ x+ 1 such that the
subspaces Fp with P € | are the q+ 1 subspaces of dimension s+ x that
lie between E; and ;. This implies that for distinct points P €Y also the
subspaces F'p are distinct.

(b) If G is the subspace generated by all Fp with P€Y, then dim(G) >
s+2x—1.

Proof. (a) Recall that every point P € Y gives rise to a subspace Fp of
dimension s+ with Y C F'p such that the B-lines on P are the lines of Fp
on P that do not lie in Y. Also, for every B-line h that is skew of Y we have
Sa=(Y,h) for all A€ h (since the points A of h are quasiaffine), so that
(Y,h) is an element of S.

Consider a complement T of Y, that is dim(7T)=2s—1 and TNY ={. If
Pel, then Y C Fp and FpNT has dimension s. If S€S§, then SNT is a line.
The lines SNT for S€ S form a line-spread of T, which we denote by St.

Consider a subspace S’ of dimension s —2 of T. Then S := (S’,1) has
dimension s. Thus S contains a B-line h. Either h contains some point P €l
and lies then in Fp, or h is skew to Y and then (Y,h) €S. In the first case
S’ contains a point of FpNT for some P€l. In the second case S’ contains
the line SNT for some S€S.
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It follows therefore from Lemma 4.14 that there exist a subspaces E,G
of T with dim(F)=s—1 and dim(G)=s+1 such that the subspaces FpNT
for P €l lie between E and G. Then E;:=(E|Y) and G;:=(G,Y) are the
subspaces we are looking for.

(b) Assume on the contrary that there exists a subspace M of dimension
s+ 2x — 2 containing all subspaces Fp. We shall derive a contradiction. We
use the notation of the proof of part (a). Then M':=MNT has dimension
s+x—2. A B-line h on a point P of Y lies in Fp (but not in Y') and thus
satisfies hNM'#(). In other words, every B-lines that misses M’ is skew to Y.

Consider a complement U of M’ in T. Then U has dimension s —x and
U:=(U,Y) has dimension s. Also UNM’'=(. As U has dimension s, then
U contains a B-line h. As hN M’ =UNM’' =), then h is skew to Y. Hence
S:=(Y,h) is an element of S. Therefore U contains the line SNT of St.

Hence, every complement U of M’ in T contains a line of Sy. By
Lemma 2.1, there are ¢8t#=D(s=2+1) guch complements U. If h € Sy, then
h lies in no such complement if hN M’ # (), and h lies by Lemma 2.1 in
¢te=D=2=1) guch complements if AN M’'=0. It follows that

‘ST|q(s+x71)(sfx71) > q(s+:p71)(37:p+1).
Hence |S7|> @221 As [Sp|=02,_1/(q+1), this is a contradiction. @I

Lemma 4.16. There exist subspaces E and G with dim(E)=s+xz—1 and
dim(G)=s+2x—1 such that EC Fp CG for all P€Y . Moreover, the map
P— Fp/E is an isomorphism of Y onto G/E.

Proof. For x =2, this has been proved in part (a) of the previous lemma.
We assume z >3 from now on. By the previous Lemma, we see that FpNFp:
has dimension s+ x — 1 for any two distinct points P, P’ € Y. This implies
that there either exists a subspace E of dimension s+x —1 contained in all
Fp, or that there exists a subspace M of dimension s+ x4 1 containing all
Fp. As >3, part (b) of the previous lemma shows that the second case is
not possible. Hence there exists a subspace F of dimension s+ x —1 with
ECFp for all PeY.

Let G be the subspace generated by all Fp with P €Y. Then dim(G) >
s+2x—1 by the previous lemma. For each Fp we can view Fp/E as a point in
the quotient geometry at G/E. Consider the map P— Fp/E from Y to G/E.
The previous Lemma implies that this map is injective and that collinear
points of Y are mapped onto collinear points of G/E. The image of the map
is thus a subspace of G/E. As G is generated by the Fp with P €Y, it
follows that this map is an isomorphism. Hence dim(G/E)=dim(Y)=z—1,
that is dim(G)=dim(F)+z=s+2z—1. |
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The preceding lemma completes the proof that B has the structure de-

scribed in Example 1.1.
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