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This paper studies the cardinality of a smallest set T of t-subspaces of the finite projective
spaces PG(n,q) such that every s-subspace is incident with at least one element of T ,
where 0≤ t < s ≤ n. This is a very difficult problem and the solution is known only for
very few families of triples (s, t,n). When the answer is known, the corresponding blocking
configurations usually are partitions of a subspace of PG(n,q) by subspaces of dimension
t. One of the exceptions is the solution in the case t=1 and n=2s. In this paper, we solve
the case when t=1 and 2s<n≤3s−3 and q is sufficiently large.

1. Introduction

This paper continues a research project started in [6]. The frame of the
project is the following very general problem of Galois geometry.

Problem. Given a projective space PG(n,q) and integers s,t with 0≤ t≤
s<n, what is the smallest cardinality of a set B of t-subspaces with the prop-
erty that every s-subspace contains an element of B? What is the structure
of the smallest sets B?
A survey article on this and related problem was given in [9]. The fol-

lowing cases of this problem have been solved: t=0 in [4], s=n−1 in [1],
n≤s−1+s/t in [3], and finally t=1 and n=2s in [6]. For t=0, the smallest
example consists of the points in a subspace of dimension n−s. For s=n−1
the solution is the trivial bound, which is �a/b� where a is the number of
hyperplanes and b is the number of hyperplanes on a t-subspace. Structural
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information on the smallest sets in the case s=n−1 has been given in [5].
For n≤ s−1+s/t, the smallest example consists of the members of a geo-
metric t-spread in a subspace of dimension (d+1−s)(t+1)−1. The example
in the case t=1 and n=2s is more complicated and will be described below.
It should be noted that in the case t=0, in which the above problem is

quite easy to solve, much work has been done in order to determine the next
smallest minimal examples. For s=1, this leads to the theory of the so-called
blocking sets. Here especially the plane case has been studied intensively,
see [2,7,10].
A line spread of a projective space PG(n,q) is a set of lines that partition

the space. A line spread S is called geometric, if for every subspace T of
dimension three that is generated by two lines of spread, the lines of S
contained in T form a spread of T . It is known that a line spread S of
PG(2s−1,q) is geometric if and only if every subspace of dimension s contains
a line of S (see e.g. [3]). We also consider PG(1,q), which is the projective
line; its only line forms a (geometric) spread of it.

Example 1.1. Consider in PG(2s+ x− 1,q), with s ≥ x ≥ 1, subspaces
Y ⊆A⊆C with dim(Y )=x−1, dim(A)=s+x−1 and dim(C)=s+2x−1,
and let µ be an isomorphism of Y to the quotient geometry C/A. For P ∈Y ,
let FP be the subspace of dimension s+x with µ(P ) = FP /A. Also, let S
be a set of (q2s −1)/(q2 −1) subspaces of dimension x+1 on Y that form
a geometric line-spread in the quotient geometry on Y . Let B be the set
consisting of the following lines. For each S ∈S, the q2x lines of S that are
skew to Y , and for each P ∈ Y , the (qs+x− qx−1)/(q−1) lines of FP on P
that are not contained in Y .
Let U be a subspace of dimension s. We show that U contains a line of

B. If U ∩Y =∅, then 〈U,Y 〉/Y is a subspace of dimension s in the quotient
geometry on Y , so 〈U,Y 〉 contains an element S of S, and then U ∩S is a
line of S that is skew to Y (and thus a line of B). If c :=dim(U∩Y )≥0, then
the union of the subspaces FP with P ∈Y ∩U is a subspace T of dimension
s+x+ c; then U meets T in a subspace of dimension at least c+1, so for
some P ∈U ∩Y the subspace FP contains a point R with R∈U and R /∈Y ;
then PR is a line of B that is contained in U .

As already mentioned, the above problem for t= 1 has been solved for
n≤2s−1 in [3], and for n=2s in [6]. For n=2s, the smallest examples are
the ones described in the above example with x=1. In this paper we show
that the above example is the solution in the case t=1 and 2s<n≤ 3s−3
provided q that is large enough.
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Theorem 1.2. Let B be a set of lines of PG(n,q) such that every subspace
of dimension s contains a line of B, where 2s<n≤3s−3. Put x :=n−(2s−1)
and suppose that q≥4x+2x+1. Then

|B| ≥ q2s − 1
q2 − 1 q

2x +
qx − 1
q − 1 · q

s+x − qx−1

q − 1
and the above example is the only one in which equality holds.

Remarks. (a) I am almost convinced that for large q the above example is
also best possible for n= 3s− 2 and perhaps for n= 3s− 1. For s= 2 and
n= 3s− 2 = 2s, this was shown in [6], and for s = 2 and n= 3s− 1 = 5, I
can also prove it. I am almost convinced that the proof given here can be
extended to a proof of the case n=3s−2, but the arguments would get quite
often more complicated, so I did not try to do this. For the same reason, I
did not try to find the best bound for q.
(b) The known solutions of the above problem have usually turned out to

be very useful. Especially when also the next best example is known, there
are many applications to finite geometry, see the survey article [9].
(c) The construction in Example 1.1 can be generalized to sets B of

t-subspaces with the property that every s-subspace contains at least one
element of B. We present one example with t = 2 and s = 4 in PG(6,q).
In PG(6,q), let P be a point, let S be a set of (q6 − 1)/(q3 − 1) subspaces
of dimension three that all contain P and that form a geometric spread in
the quotient geometry on P . Let B1 be the set consisting of the planes that
lie in a member of S but do not pass through P . Also let B2 be a set of
(q6−1)/(q2−1) planes that all contain P and form a geometric line-spread
in the quotient geometry on P . Then |B1|+ |B2|= (q6+ q3)+ (q4+ q2+1).
Every 4-space not containing P contains a plane of B1, and every 4-space
on P contains a plane of B2. Thus q6+q4+q3+q2+1 planes are enough to
block all 4-spaces in PG(6,q). I do not know any smaller example.

2. Point sets in PG(n,q) meeting few subspaces

Throughout this paper, we shall consider the prime power q fixed and use
the following notation

Θn :=
qn+1 − 1
q − 1 , n ≥ −1.

This is the number of points in PG(n,q). Given subspaces U and M with
U ⊆ M , a complement of U in M is a subspace U ′ with U ∩U ′ = ∅ and
〈U,U ′〉=M . The following lemma will be used frequently in this paper.
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Lemma 2.1. Let U be a subspace of dimension u of PG(n,q).
(a) The number of complements of U in PG(n,q) is q(u+1)(n−u).
(b) Let C be a subspace of U of dimension c. Then the number of subspaces
V with 〈U,V 〉=PG(n,q) and U ∩V =C is q(u−c)(n−u).

Proof. (a) is a direct calculation, and (b) follows from (a) applied to the
quotient geometry at C.

Lemma 2.2. Suppose P1, . . . ,Px are points of PG(x,q), x≥ 1, that span a
hyperplane H. Let A �=∅ be a set of points of PG(x,q)\H, and let R be the
number of lines that meet {P1, . . . ,Px} and A. Then R≥x|A|(x−1)/x.

Proof. Let ri be the number of lines on Pi that meet A. Then R=r1+. . .+rx.
We use induction on x. For x=1, the assertion is trivial. We also prove x=2
directly. In this case, |A|≤r1r2 and thus r1+r2≥2

√
r1r2≥2

√
|A|.

Now suppose that x>2. Let U be the subspace generated by P1, . . . ,Px−1.
It has dimension x− 2. Let H1, . . . ,Hq be the hyperplanes on U that are
different from H. Put ai = |A∩Hi|. Then

∑
ai = |A|. Put a := max{ai}.

By the induction hypothesis, the number of lines that join one of the points
P1, . . . ,Px−1 to one of the points of Hi∩A is at least (x−1)a(x−2)/(x−1)

i . Hence

r1 + . . .+ rx−1 ≥ (x− 1)
q∑

i=1

a
x−2
x−1

i ≥ (x− 1)
q∑

i=1

aia
−1

x−1 = (x− 1)|A|a
−1

x−1 .

Since one of the hyperplanes Hi meets A in a points, we have rx≥a. Thus

R = r1 + . . .+ rx ≥ a+ (x− 1)|A|a
−1

x−1 .

The right hand side, considered as a function in a, obtains its minimum for
a= |A|(x−1)/x, and this minimum is the lower bound we are looking for.

Remark. If q is a square and if one considers PG(n,
√
q) embedded in

PG(n,q) and a hyperplane H of PG(n,q) such that H ∩ PG(n,√q) =
PG(n− 1,√q), then one has equality in the lemma, if A= PG(n,√q)\H,
and P1, . . . ,Px lie in PG(n,

√
q)∩H.

Lemma 2.3. Consider in PG(n,q) a subspace X of dimension x− 1 ≥ 0
generated by points P1, . . . ,Px. Let A �=∅ be a set of points in PG(n,q)\X,
and denote by R the number of lines that meet {P1, . . . ,Px} and A. Then
there is a subspace U of dimension x with X⊆U and |U ∩A|≥(x|A|/R)x.
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Proof. Let a be the maximum number of points of A in the subspaces U of
dimension x on X. Consider such a subspace. If RU is the number of lines
that meet {P1, . . . ,Px} and U∩A, then RU ≥x|U∩A|(x−1)/x by the previous
lemma, provided that A∩U �=∅. Thus RU ≥x|U ∩A|/a1/x in any case, that
is even if A∩U = ∅. Taking the sum over all such subspaces U , we obtain
R≥x|A|/a1/x. Hence a≥(x|A|/R)x.

Lemma 2.4. Let x,n∈N with 1≤x≤n. Suppose that K is a set of k≤ qx
points in PG(n,q) and suppose that the number of subspaces of codimension
x that miss K is at most

qxΘx−1

x−1∏
j=0

Θn−2−j

Θj
.

Then the average number of secants of K on a point of K is at most 4Θx−1.

Proof. Put

Si =
x−1∏
j=0

Θn−1−i−j

Θj
, −1 ≤ i ≤ n− x.

Then Si is the number of subspaces of codimension x of PG(n,q) containing
a given subspace of dimension i. The hypothesis states that K meets at least
S−1−qxΘx−1S1 subspaces of codimension x. Notice that Si−1≥qxSi for all
0≤ i≤n−x.
Let C be the set of the subspaces of codimension x that meet K in at least

two points. Then K meets kS0−
∑

C∈C(|C∩K|−1) subspaces of codimension
x. Therefore

kS0 −
∑
C∈C

(|C ∩K| − 1) ≥ S−1 − qxΘx−1S1.

For P ∈K, let cP be the number of subspaces of C on P , and let rP be the
number of secants of K on P , that is the number of lines on P that meet K
in a second point. As each secant of K on P lies in S1 subspaces of C while
different secants of K on P occur together in S2 subspaces of C, we have
cP ≥rPS1−

(rP
2

)
S2. As rP < |K|≤qx and S1≥qxS2, then cP ≥ 1

2rPS1. Also∑
C∈C

(|C ∩K| − 1) ≥ 1
2

∑
C∈C

|C ∩K| = 1
2

∑
P∈K

cP ≥ 1
4

∑
P∈K

rPS1.

Hence, if r is the average of the rP with P ∈K, then the right hand term is
krS1/4. It follows that

1
4
krS1 ≤ kS0 − S−1 + qxΘx−1S1.
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As S0≥ qxS1 and r<k≤ qx, this remains true, if we replace k by qx. Using
then qxS0−S−1≤0 gives r≤4Θx−1.

Lemma 2.5. Let x,n∈N with 1≤x≤n. Let K be a set of k≥Θx−1 points
of PG(n,q) and w :K→N a weight function. Put r := 1

k

∑
P∈Kw(P ). Then

there exist x independent points P0, . . . ,Px−1 ∈K such that the sum of the
weights of these points is at most xr.

Proof. Define the points P0, . . . ,Px−1 recursively as follows. Let P0 be a
point with smallest weight. For i > 0, let Pi be a point of smallest weight
outside the subspace 〈P0, . . . ,Pi−1〉. Let ri be the weight of Pi. Then r0 ≤
r1≤ . . .≤rx−1 and

kr =
∑

P∈K

w(P ) ≥ r0 + qr1 + q2r2 + . . . + qx−2rx−2 + (k −Θx−2)rx−1.

If r′ := (r0 + . . .+ rx−1)/x, then
∑x−1

i=0 riq
i ≥ Θx−1r

′. Since rx−1 ≥ r′ and
k≥Θx−1, it follows that kr≥kr′.

Lemma 2.6. Let K be a set of k points in PG(n,q) where qx−Θx−1≤k≤qx
for some x∈N with n≥x≥1. Suppose that at most

qxΘx−1

x−1∏
j=0

Θn−2−j

Θj

subspaces of codimension x miss K. If q ≥ 4x+2x+1, then there exists a
subspace of dimension x that meets K in more than Θx−1 points.

Proof. Use the preceding two lemmas to see that there exist points
P0, . . . ,Px−1 ∈K that span a subspace X of dimension x−1 and such that
the number of secants of K that meet {P1, . . . ,Px} is at most 4xΘx−1. Then
there exist at most 4xΘx−1 lines that meet {P1, . . . ,Px} and A :=K\(X∩K).
Lemma 2.3 proves the existence of an x-subspace U with X⊆U and

|U ∩A| ≥ |A|x
(4Θx−1)x

.

Hence, if c := |X ∩K|, then

|U ∩K| ≥ c+ (k − c)x
(4Θx−1)x

≥ kx

(4Θx−1)x
.

Here the last inequality holds, since k≤qx. We have

4xΘx+1
x−1(q − 1)x+1 = 4x(qx − 1)x+1 ≤ 4xqx(x+1)
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and

kx(q − 1)x+1 ≥ (qx −Θx−1)x(q − 1)x+1 = (qx+1 − 2qx + 1)x(q − 1)
≥ (qx+1 − 2qx)x(q − 1) = qx2

(q − 2)x(q − 1)
≥ qx2+x−1(q − 2x)(q − 1) > qx(x+1)(q − 2x− 1).

As q≥ 4x+2x+1, it follows that 4xΘx+1
x−1<k

x. This implies that |U ∩K|>
Θx−1.

Lemma 2.7. Suppose K is a set of Θx points of PG(n,q) where 1≤x<n.
Suppose that there exists a subspace of dimension x that contains more than
Θx−1 but not all points of K. Then at least qx(n−x)−qx(n−x−1) subspaces of
dimension n−x miss K.

Proof. By hypothesis, there exists a subspace U of dimension x such that
|K∩U |=Θx−c for some c with 1≤c≤qx−1. Then c points of K do not lie in
U , and c points of U do not lie in K. Consider a point P of U that is not in
K. Then P lies on qx(n−x) subspaces T of dimension n−x with T∩U=P . For
each point R∈K \ (U ∩K), exactly qx(n−x−1) of these subspaces T contain
R. Thus there exist at least qx(n−x)− cqx(n−x−1) subspaces T of dimension
n−x such that T∩U=P and T∩K=∅. As there are c choices for P , we see
that K misses at least c(qx(n−x)−cqx(n−x−1)) subspaces of dimension n−x.
It suffices therefore to verify that

c(qx(n−x) − cqx(n−x−1)) ≥ qx(n−x) − qx(n−x−1)

This is equivalent to (c−1)(qx−1−c)≥0, which holds as 1≤c≤qx−1.

3. Preliminaries

As already noticed, the special case x=1 of the main theorem is the main
result of [6]. It is stated again in Result 3.1, because it is of great importance
for the next section. Result 3.2 is Lemma 2.1 in [6]; it follows quite easily
from 3.1.

Result 3.1. Suppose that B is a set of lines in PG(2s,q), s≥ 1, such that
every s-dimensional subspace contains a line of B. Then

|B| ≥ q
2s+2 − q2
q2 − 1 +

qs+1 − 1
q − 1 .

The example described in the introduction (with x= 1) is the only one in
which equality holds.
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Result 3.2. Let C be a set of lines in PG(2s−1,q), s≥1, such that every
s-space contains a line of C. Let P be a point contained in exactly k lines
of C.

(a) |C|≥ q2s−q2

q2−1 +k.

(b) If k=0, then |C|≥ q2s−q2

q2−1 +
qs−1
q−1 .

Lemma 3.3. Let R be a point of an x-space X of PG(2s−2+x,q) where
s≥2 and x≥0. Suppose that C is a set of lines with the property that every
subspace of dimension s−1 that contains no point of X\{R} contains a line
of C. Let r be the number of lines of C on R.

(a) |C|≥q2x
(

q2s−q2

q2−1 +
qs−1
q−1

)
−rqx+r.

(b) |C|≥q2x q2s−q2

q2−1 +r.

Proof. For the proofs, we may assume that the lines of C are disjoint to
X \{R}, so they meet X in R or are skew to X.
(a) By Lemma 2.1 (b), there are qx(2s−2) subspaces of dimension 2s−2

meeting X in R. By Result 3.1, each of these contains q2s−q2

q2−1 +
qs−1
q−1 lines of

C. Each line of C on R occurs in qx(2s−3) of these subspaces, whereas the
lines of C skew to X occur in qx(2s−4) of these subspaces. This gives

qx(2s−2)

(
q2s − q2
q2 − 1 +

qs − 1
q − 1

)
≤ (|C| − r)qx(2s−4) + rqx(2s−3).

This proves (a).
(b) Let S be a subspace of dimension s+x containing X. Let C ′ be the set

consisting of the lines of C that do not pass through R, and of the qxΘs−1

lines of S on R that do not lie in X. Then C ′ fulfills the hypothesis of the
lemma. As R lies on qxΘs−1 lines of C ′, part (a) gives |C ′| ≥ q2x q2s−q2

q2−1 +

qxΘs−1. Hence |C|≥q2x q2s−q2

q2−1
+r.

Lemma 3.4. Let R be a point of an x-space X of PG(2s−2+x,q), s≥2,
x≥ 0, and let D be a set of d points outside of X. Suppose that C is a set
of lines such that every subspace of dimension s−1 that contains no point
of D∪ (X \{R}) contains a line of C. Let r be the number of lines of C on
R. Then

|C| ≥ q2x q
2s − q2
q2 − 1 + max{0, q2xΘs−1 − rqx}+ r − dqxΘs−1.
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Proof. We may assume that the lines of C are disjoint to D∪ (X \{R}).
For each point P of D choose a subspace UP of dimension s+x containing
P and X, and let CP be the set consisting of the lines of UP on P that miss
X. Then |CP |=Θs+x−1−Θx and every subspace of dimension s− 1 on P
that is disjoint to X contains a line of CP . Put

D′ := {RP | P ∈ D} and C ′ := C ∪D′ ∪
⋃

P∈D

CP .

Then every subspace of dimension s−1 that contains no point of X \{R}
contains a line of C ′. The point R lies on r′ := r+ d′ lines of C ′, where
d′ := |D′|. Apply the previous lemma to C ′ to obtain

|C ′| ≥ q2x q
2s − q2
q2 − 1 + max{0, q2xΘs−1 − r′qx}+ r′.

As |C ′|≤|C|+d(Θs+x−1−Θx)+d′ and r′=r+d′, this gives

|C| ≥ q2x q
2s − q2
q2 − 1 + max{0, q2xΘs−1 − r′qx}+ r − dqxΘs−1 + dqx.

As r′=r+d′≤r+d, we have

max{0, q2xΘs−1 − r′qx}+ dqx ≥ max{0, q2xΘs−1 − rqx}.

This proves the lemma.

4. The proof of the main theorem

For the rest of the paper, we consider integers s and x, and a prime power
q satisfying

s ≥ x+ 2 ≥ 4 and q ≥ 4x + 2x+ 1.(1)

Also, B denotes a set of lines of PG(2s− 1+x,q) with the property that
every s-space of PG(2s−1+x,q) contains a line of B. We suppose that

|B| ≤ q2s−1
q2−1 q

2x+Θx−1q
x−1Θs =

q2s−1
q2−1 q

2x+Θx−1q
xΘs−1+Θx−1q

x−1(2)

and shall prove in a series of lemmas that equality holds in (2) and that B
has the structure described in Example 1.1. This will prove Theorem 1.2.

Lemma 4.1. Let P be a point. Then P lies on at least qx−Θx−1 lines of
B. Also the number of (2s−1)-subspaces on P that contain no B-line on P
is at most qxΘx−1T2 where T2 is defined in (3).
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Proof. Subspaces of dimension 2s−1 have codimension x. Thus, the number
of (2s−1)-spaces containing a given i-subspace is

Ti =
x−1∏
j=0

Θ2s−2+x−i−j

Θj
.(3)

This implies that T0>q
xT1 and T1>q

xT2 and

T0 ≥ T2

(
q2x + qxΘx−1

(
1

Θ2s−3
+

1
Θ2s−4

))
.

This last inequality and (2) imply that

T0
q2s − q2
q2 − 1 ≥ T2

(
q2s − 1
q2 − 1 q

2x +Θx−1q
x−1

)
≥ T2(|B| −Θx−1q

xΘs−1).(4)

Let P be a point, let r be the number of B-lines on P , and let t be the
number of (2s−1)-spaces on P that contain no B-line on P . By Result 3.2
(b), each of these t spaces contains at least (q2s − q2)/(q2 −1)+Θs−1 lines
of B. By Result 3.2 (a), the other (2s− 1)-spaces on P contain at least
(q2s−q2)/(q2−1) lines of B that do not contain P . Since each of the |B|−r
lines of B that does not contain P lies in T2 subspaces of dimension 2s−1
on P , it follows that

T0
q2s − q2
q2 − 1 + tΘs−1 ≤ (|B| − r)T2 ≤ |B| · T2.

Using (4), it follows that t≤ qxΘx−1T2. Since every B-line on P lies in T1

subspaces of dimension 2s− 1, we certainly have t ≥ T0 − rT1. If r ≤ qx,
then T0 > q

xT1 and T1 > q
xT2 imply t ≥ qx(qx − r)T2, which in turn gives

qx(qx−r)≤qxΘx−1 and thus r≥qx−Θx−1.

Lemma 4.2. Every point lies on at least qx lines of B. If the point P lies
on exactly qx lines of B, then there exists a subspace S of dimension x+1
on P such that all B-lines on P lie in S.

Proof. Suppose that P is a point that lies on qx−k lines of B where k≥0.
Lemma 4.1 gives k≤Θx−1. Lemma 2.6, applied to the quotient geometry at
P , and Lemma 4.1 ensure the existence of a subspace S of dimension x+1
on P that contains more than Θx−1 lines of B on P . Thus, the number of
B-lines of S on P is qx−k−d for some d with 0≤d<qx−k−Θx−1.
Let Ri, i = 1, . . . ,Θx−1+ k+ d, be the lines of S on P that are not in

B. Also denote by ri be the number of planes that meet S in Ri and that
contain a B-line l with P /∈ l. Put r=min{ri}.
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Let Hi, i=1, . . . ,qx−k−d, be the B-lines of S on P . Also denote by hi

the number of B-lines that meet Hi \{P} and that are not contained in S.
Put h=min{hi}.
Let c0 be the number of B-lines that are disjoint to S. From our definition

we have
c0 + (qx − k − d)h+ (Θx−1 + k + d)r ≤ |B|.

Put c :=max{0,qxΘs−1−r}. Then r≥qxΘs−1−c and hence
c0 + (qx − k − d)h+ (Θx−1 + k + d)(qxΘs−1 − c) ≤ |B|.(5)

Consider a line Ri with ri=r and apply Lemma 3.4 to the quotient geometry
at P (where the point R of Lemma 3.4 corresponds to the line Ri). This
gives

q2x q
2s − q2
q2 − 1 + max{0, q2xΘs−1 − rqx}︸ ︷︷ ︸

=cqx

−dqxΘs−1 ≤ c0.(6)

Combine (2), (5), and (6) to obtain

(qx − k − d)h+ c(qx − d−Θx−1 − k) + kqxΘs−1 ≤ q2x +Θx−1q
x−1 .(7)

Using (1) and qx−d−k>Θx−1, it follows that k=0.
Consider a lineHi with hi=h. It lies on qx(2s−2) subspaces U of dimension

2s−1 with U∩S=Hi. By Result 3.2, each of these subspaces U contains at
least q2s−q2

q2−1 lines of B that do not contain P . A line that is disjoint to S lies
in qx(2s−4) of these subspaces U . A line that meets Hi but is not contained
in S lies in qx(2s−3) of these subspaces U . Count pairs (l,U) with lines l∈B
and subspaces U of dimension 2s−1 satisfying U ∩S =Hi, and l⊆U , and
P /∈ l to obtain

qx(2s−2) q
2s − q2
q2 − 1 ≤ c0qx(2s−4) + hqx(2s−3),

which gives

q2x q
2s − q2
q2 − 1 ≤ c0 + hqx.(8)

Combine (2), (5), and (8) using k=0 to obtain

d(qxΘs−1 − c− h)− cΘx−1 ≤ q2x +Θx−1q
x−1 =: V.(9)

Thus dqxΘs−1≤V+(h+c)(Θx−1+d), and (8) gives (h+c)(qx−Θx−1−d)≤V .
Multiply the first of these inequalities with qx−Θx−1−d, and then use the
second inequality to obtain (qx−Θx−1−d)dqxΘs−1≤V qx. As s≥x+2, then
qxΘs−1≥qx+1Θx≥qV . Hence (qx−Θx−1−d)dq≤qx. As 0≤d≤qx−Θx−1−1
and q≥7, this implies that d=0.
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Definition. Points that lie on exactly qx lines of B will be called affine
points. The previous lemma shows that for each affine point P there exists
an (x+1)-space on P that contains all B-lines on P . This (x+1)-space on
P will be denoted by SP .

Lemma 4.3. There exist at least q2s+x−1 affine points. There exist at most
2qs+2x−1 points that are not affine.

Proof. There are Θ2s+x−1 points, each lying on at least qx lines of B.
The number of points that lie on more than qx lines of B is thus at most
|B|(q + 1)−Θ2s+x−1q

x. Using the upper bound for |B|, we see that this
number is at most 2qs+2x−1. Thus, there are at most this many non-affine
points. As x≤ s−2a and as there are Θ2s+x−1 points, it follows that more
than q2s+x−1 points are affine.

Lemma 4.4. Let P be an affine point. Let c0 be the number of B-lines
skew to SP . Consider the B-lines that meet SP in a unique point; let c′1 be
the number of these that meet a B-line on P , and let c1 be the number of
these that do not meet a B-line on P .

(a)

c′1 ≤ q2x−1 − qx−1 +Θx−1q
x−2(q + 1),

c1 ≥ qxΘx−1Θs−1 −
1

q − 2

(
q2x − qx
q + 1

+Θx−1q
x−1

)
,

c0 + c′1 ≤ q2s − q2
q2 − 1 q

2x + (q + 2)q2x−2.

(b) Suppose that the Θx−1 lines of SP on P that are not in B lie in a
subspace of dimension x. Then every line h with P ∈h⊆SP and h /∈B lies
in at least

a := qxΘs−1 −
qx−1

q − 2
planes π that contain a B-line and satisfy π∩SP =h. In particular c1≥aΘx−1.

Proof. Define c0, c′1, c1 as in the lemma. Also let c2 be the number of B-
lines that lie in SP but that do not contain P . Using the upper bound (2)
we obtain

qx + c0 + c1 + c′1 + c2 = |B| ≤ T + q2x +Θx−1q
xΘs−1 +Θx−1q

x−1(10)

where T := q2s−q2

q2−1 q
2x. Consider the lines Ri, i=1, . . . ,Θx−1, of SP on P that

are not in B, let ri be the number of planes π with π∩SP =Ri that contain
a B-line, and put r=minri and c :=max{0,qxΘs−1−r}. Then

c1 ≥ Θx−1r ≥ Θx−1(qxΘs−1 − c),(11)



BLOCKING SUBSPACES BY LINES IN PG(n,q) 471

and as in (6) the proof of Lemma 4.2 we see that c0≥T +cqx. Therefore

c′1 + c2 + c(q
x −Θx−1) ≤ q2x − qx +Θx−1q

x−1.(12)

There are qx+1 points Q in SP for which PQ is a B-line. Each of these lies
on at least qx lines of B, of which at least qx − 1 do not contain P . This
implies that c2(q+1)+c′1≥qx+1(qx−1), that is

c2 ≥ 1
q + 1

(q2x+1 − qx+1 − c′1).(13)

Using this as a lower bound for c2 in (12), and using at the same time that
c(qx−Θx−1)>c(q−2)Θx−1, then (12) gives

cΘx−1 ≤ 1
q − 2

(
q2x − qx
q + 1

+Θx−1q
x−1 − qc′1

q + 1

)
.(14)

As c′1≥0, this and (11) prove the lower bound for c1, and since c≥0, it also
proves the upper bound for c′1. Now combine (10), (11) and (13) to obtain

c0 +
q

q + 1
c′1 ≤ T + q

2x − qx
q + 1

+Θx−1q
x−1 + cΘx−1.

Combine this with (14) to obtain

c0 +
q

q + 1
c′1

(
1 +

1
q − 2

)
≤ T + q − 1

q − 2

(
q2x − qx
q + 1

+Θx−1q
x−1

)
.

As the coefficient of c′1 on the left side is larger than one, this implies that
c0+c′1≤T +(q+2)q2x−2. This finishes the proof of (a).
In order to prove (b), we suppose now that the Θx−1 lines of SP on P

that are not in B lie in a subspace U of dimension x. Here P ∈U⊆SP . Thus,
every line has at most q points in SP \U and we therefore can improve (13)
to

c2 ≥ 1
q

qx+1∑
i=0

(qx − 1− fi) = q2x − qx − c
′
1

q
.(15)

From (12) and (15) we obtain

c(qx −Θx−1) ≤ Θx−1q
x−1.

As qx−Θx−1≥(q−2)Θx−1, this implies c≤qx−1/(q−2). As c=max{0,qxΘs−1−
r}, then r≥qxΘs−1−c. Now the definition of r completes the proof of (b).
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Lemma 4.5. Let P be an affine point.
(a) If R is an affine point and R /∈SP , then P /∈SR.
(b) If R is an affine point and R /∈SP , then dim(SP ∩SR)≤x−1.
(c) There exists a subspace UP of dimension x with P ∈UP ⊆ SP such

that a line of SP on P lies in B if and only if it does not lie in UP .
(d) If R is an affine point then dim(UP ∩UR)≥x−1.

Proof. Let T be the set consisting of all subspaces T of dimension 2s−1 for
which T ∩SP is a B-line on P . Apply Lemma 2.1 to see that |T |= qx(2s−1)

and every B-line on P lies in qx(2s−2) elements of T . Moreover, we have the
following.

• A u-subspace that meets SP in a B-line l on P , lies in exactly qx(2s−1−u)

elements of T . This follows from Lemma 2.1 applied to the quotient
geometry at U .

• A u-subspace U with U∩SP =P occurs in qx(2s−1−u) elements of T (since
U and each B-line on P occur together in qx(2s−2−u) elements of T ).

• A u-subspace U with U∩SP =∅ occurs in qx(2s−2−u) elements of T (since
U and each B-line on P occur together in qx(2s−3−u) elements of T ).

• If U is a subspace of dimension u and U ∩SP is a point R with R �=P
and for which PR is a B-line, then U lies in qx(2s−2−u) elements of T .

Let T0 consist of the subspaces T of T that have the property that for some
point R of T , no B-line on R lies in T . By Result 3.2, each element of T
contains at least q2s−q2

q2−1 +1 lines of B, and each element of T0 contains at

least q2s−q2

q2−1
+Θs−1 lines of B. Let L be the set consisting of the B-lines that

either miss SP , or that meet SP in a unique point R �=P for which PR is a
B-line. Then each T ∈T contains one B-line on P while the remaining B-
lines of T lie in L. We have seen above that each line of L occurs in qx(2s−3)

elements of T . Count incident pairs (l,T ) with l∈L and T ∈T to obtain

(
qx(2s−1) − |T0|

) q2s − q2
q2 − 1 + |T0|

(
q2s − q2
q2 − 1 +Θs−1 − 1

)
≤ |L|qx(2s−3).

In the notation of Lemma 4.4, we have |L|= c0+ c′1. Use the upper bound
for c0+c′1 given there to obtain

|T0|(Θs−1 − 1) ≤ q2x−2(q + 2)qx(2s−3).

This implies that

|T0| ≤ (q + 1)q2xs−x−s−1.(16)
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(a) Suppose that R is an affine point with R /∈ SP and assume that
P ∈ SR. As the B-lines on P lie in SP , then the line PR is not in B. The
line PR lies in qx(2s−2) elements T of T . If such a subspace T meets SR not
only in PR, then it contains a plane π of SR on PR. The line PR lies in
Θx−1 planes π of SR. Such a plane π meets SP only in P or in a line on P ;
in both cases, π occurs in at most qx(2s−3) elements of T . Therefore at least
qx(2s−2)−Θx−1q

x(2s−3) elements T of T satisfy T ∩SR=PR. For such a T ,
the point R lies on no B-line of T , because the B-lines on R lie in SR; hence
T ∈T0. This shows that

|T0| ≥ qx(2s−2) −Θx−1q
x(2s−3)

As s≥x+2, this contradicts (16).
(b) Let R be an affine point with R /∈SP and assume that U :=SP ∩SR

has dimension at least x. Then U has dimension x. As P /∈SR and R /∈SP ,
then P,R /∈ U . The B-lines on P and R meet U . Since P and R lie on qx

lines of B, it follows that at least qx−Θx−1 points of U are joined to P and
R by a line of B. Each of these points lies on at least qx lines of B, so each of
these points lies on at least qx−Θx−1 lines of B that do not lie in U . Thus,
if we consider all the points of U that are joined to P and R by B-lines,
then at least (qx−Θx−1)2 lines of B contain one of these points and are not
contained in U=SP ∩SR. We may assume that at least one half of them is
not contained in SP . Then Lemma 4.4 (a) gives

1
2
(qx −Θx−1)2 ≤ q2x−1 − qx−1 +Θx−1q

x−2(q + 1).

This is a contradiction.
(c) For every affine point R, call the Θx−1 lines of SR on R that are

not in B, the special lines of R. For affine points R with R /∈ SP denote
by fR the number of special lines h of R that miss all specials lines of P .
Consider an affine point R outside SP and suppose that fR > 0. Let h be
a special line of R that meets no special line of P . Then h∩SP = ∅, or h
meets some B-line on P in a point distinct from P . In both cases, h lies
on qx(2s−3) elements T of T . If such a subspace T meets SR not only in h,
then it contains a plane π of SR on h. A plane π with h⊂π⊆SR does not
contain P (since R /∈SP and hence P /∈SR) and thus lies in at most qx(2s−4)

elements of T . As h lies in Θx−1 planes π of SR, it follows that T contains
at least qx(2s−3)−Θx−1q

x(2s−4) elements T satisfying T ∩SR=h. These have
the property that R lies on no B-line of T , so that T ∈T0. Thus R lies on at
least fRqx(2s−4)(qx−Θx−1) elements of T0.
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Count incident pairs (R,T ) with affine points R outside SP and subspaces
T ∈T0. As each subspace T of T0 has q2Θ2s−3 points outside SP , it follows
that

qx(2s−4)(qx −Θx−1)
∑

R/∈SP
R affine

fR ≤ q2xs−x−s−1(q + 1)q2Θ2s−3 .

Using (1), we obtain
∑

R/∈SP
R affine

fR ≤ qs+2x−2(q + 4).

By Lemma 4.3 there are at least q2s+x−1 affine points. At most Θx+1 lie in
SP and at most qs+2x−2(q+4) points Ri satisfy fi>0. As 2s+x−1≥s+2x+1,
it follows that there exists an affine point R outside SP such that each of
the Θx−1 special lines on R meets a special line on P . As the intersection
points are in SP and SR and as dim(SP ∩SR)≤ x−1 (that was proved in
(b)), it follows that SP ∩SR has dimension x−1 and that all special lines of
P lie in UP :=〈SP ∩SR,P 〉.
(d) We first consider the case when R /∈ SP . Assume that dim(UP )∩

dim(UR)≤x−2. Then at least qx−1 of the lines of UR on R miss UP . Using
the notation of the proof of (c), this gives fR ≥ qx−1. Again from the proof
of (c) we see that R lies on fRqx(2s−4)(qx−Θx−1) elements of T0. Hence

qx−1(qx(2s−3) −Θx−1q
x(2s−4)) ≤ |T0| ≤ q2xs−x−s−1(q + 1).

As s≥x+2, this is a contradiction.
Now we consider the general situation. As 〈SP ,SR〉 has dimension at

most 2x+3< 2s≤ 2s− 1+x, Lemma 4.3 proves the existence of an affine
point A with A /∈〈SP ,SR〉. Then the special case already proved shows that
UP ∩UA and UR∩UA have dimension x−1. As UA has dimension x and is
not contained in 〈UP ,UR〉 (since A∈UA), it follows that UP ∩UA=UR∩UA.
Thus UP ∩UR contains UP ∩UA and therefore dim(UP ∩UR)≥x−1.

Lemma 4.6. There exists a subspace Y of dimension x−1 with the following
properties.

(a) If P is an affine point, then P /∈Y and Y ⊆SP and furthermore a line
of SP on P is in B iff it misses Y .

(b) If P and R are affine points with 〈P,Y 〉 �= 〈R,Y 〉, then SP = SR or
SP ∩SR=Y .

Proof. (a) It follows from Lemma 4.5 (d) that all subspaces UP , P an affine
point, lie in a common subspace of dimension x+1, or contain a common
subspace of dimension x−1. As P ∈UP for every affine point P and as there
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are more than Θx+1 affine points (Lemma 4.3), the first case is not possible.
Thus there exists a subspace Y of dimension x−1 with Y ⊆UP ⊆SP for all
affine points P .
Consider an affine point P . Then there exists an affine point R with

R /∈ SP . Lemma 4.5 shows that P /∈ SR. As Y ⊆ SR, it follows that P /∈ Y .
Thus Y contains no affine point. Then UP =〈Y,P 〉, which means that a line
of SP on P lies in B if and only if it misses Y .
(b) Suppose that P and R are affine points with 〈P,Y 〉 �= 〈R,Y 〉. Then

〈P,Y 〉∩〈R,Y 〉=Y . If R /∈SP , then Lemma 4.5 (b) shows that SP∩SR=Y . If
R∈SP , then 4.5 (a) gives P ∈SR, which implies that SP =〈Y,P,R〉=SR.

Lemma 4.7. (a) Every point Q of Y lies on at least qxΘs−1− qx−1

q−2 lines of
B that meet Y only in Q.

(b) The number of B-lines that miss Y is at most

q2s − 1
q2 − 1 q

2x +
q2x−1

q − 2 .

Proof. Recall that Y does not contain affine points. Also, if P and P ′

are affine points with P ′ /∈ SP , then SP ∩ SP ′ = Y by Lemma 4.6. Thus,
it is possible to find affine points P1, . . . ,Pt for a suitable number t, such
that any two subspaces SPi meet in Y and such that every affine point
lies in (a necessarily unique) subspace SPi . As there are q

xΘ2s−1 points
outside Y and as |SPi \ Y | = qx(q + 1), we have t ≤ Θ2s−1/(q + 1). Thus
q2s−1+x/t > qx+1 − qx−1. Then Lemma 4.3 shows that one of the sets SPi

contains more than qx+1−qx−1 affine points.
Thus, there exists an affine point P such that S := SP contains more

than qx+1 − qx−1 affine points. As |S \Y | = qx+1+ qx, then S \Y contains
less than qx+ qx−1 points that are not affine. There are qx+1 points in SP

that do not lie in UP =〈P,Y 〉. Thus there exists an affine point P ′ in S\UP .
Then S=SP = 〈Y,P,P ′〉. As P ′∈SP , then P ∈SP ′ (Lemma 4.5) and hence
SP ′=〈Y,P,P ′〉=S. If R is any affine point of S, then R∈SP ,SP ′ and hence
P,P ′∈SR, so that SR=〈Y,P,P ′〉=S.
Let Q be a point of Y . As Q lies on qx+qx−1 lines that contain a point of

S\Y , then S contains a line l with l∩Y =Q and such that all points of l\{Q}
are affine. Then S=SR for all points R∈ l \{Q}. Hence, every B-line that
contains a point R of l\{Q} is contained in SR=S. If we apply Lemma 4.4
(b) to one of the points R∈ l\{Q}, we see that there exists at least

c := qxΘs−1 −
qx−1

q − 2
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planes π with π∩S= l such that π contains a B-line. This gives at least c
lines of B that meet l and do not lie in S. Hence these lines pass through
Q. This proves (a). Part (a) then implies that Y meets at least Θx−1c lines
of B. Using the upper bound (2) for |B|, the assertion of (b) follows.

Lemma 4.8. If P is a point not on Y , then P lies on at least qx lines of B
that miss Y . If equality holds, then there exists a subspace SP of dimension
x+1 such that 〈P,Y 〉⊆SP and such that all B-lines on P are contained in
SP .

Proof. Each of the qx point of 〈P,Y 〉\Y lies on at least qx lines of B and
thus on at least qx−Θx−1 lines of B that miss Y . Thus, there exist at least
qx(qx−Θx−1) lines in B that meet 〈P,Y 〉 and that miss Y . Then Lemma 4.7
(b), shows that at most

n :=
q2s − 1
q2 − 1 q

2x

lines of B are skew to 〈P,Y 〉.
In the rest of this proof we shall consider subspaces U of dimension 2s−1

satisfying U ∩ 〈P,Y 〉 = P , and lines h ∈ B satisfying h∩ 〈P,Y 〉 = ∅. There
are qx(2s−1) such subspaces U , and at most n such lines h. We count in two
ways the number of incident pairs (h,U) for these lines h and subspaces U .
Every line h occurs in qx(2s−3) such pairs. So the number of pairs (h,U) is
at most nqx(2s−3).
The subspaces U we consider satisfy U ∩〈P,Y 〉= P . Hence a B-line in

such a subspace U contains P or is disjoint to 〈P,Y 〉, and in the latter case
it is one of the lines h. Result 3.2 (a) shows that each subspace U contains
at least (q2s−q2)/(q2−1) lines h. Let f be the number of subspaces U such
that P lies on no B-line on U . Result 3.2 (b) shows that these f subspaces
U contain at least (q2s−q2)/(q2−1)+Θs−1 lines h. Thus the number of pairs
(h,U) is at least

qx(2s−1) q
2s − q2
q2 − 1 + fΘs−1.

Since this number is at most nqx(2s−3), it follows that fΘs−1≤qx(2s−1).
In order to prove the lemma, we may assume that P lies on at most qx

lines of B that miss Y . Let K be the set consisting of the B-lines on P that
miss Y and of the Θx−1 lines on P that meet Y . Then |K| ≤Θx. We have
to show that K consists of the lines on P in a subspace of dimension x+1.
Assume that this is not true. Apply Lemma 2.7 to the quotient geometry at
P , to see that there exist at least qx(2s−3)(qx−1) subspaces V of dimension
2s− 1 on P that contain no line of K. The hypotheses of Lemma 2.7 are
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fulfilled as the Θx−1 lines of the subspace 〈P,Y 〉 on P lie in K. Such a
subspace V satisfies V ∩Y =∅ and thus V∩〈P,Y 〉=P . Hence these subspaces
V are subspaces U considered above that have the additional property that P
does not lie on a B-line of U . Therefore f≥qx(2s−3)(qx−1). If we compare this
to the above upper bound for f using s≥x+2, we obtain a contradiction.

Definition. Points that are not in Y and that lie on exactly qx lines of B
that miss Y will be called quasiaffine points. If P is a quasiaffine point, then
we shall denote the subspace of dimension x+1 containing all the B-lines
on P by SP .

Lemma 4.9. Let P be a quasiaffine point.
(a) The number of B-lines that meet SP \Y in a unique point is less than

q2x/2.
(b) If h is a line with h /∈B and P ∈ h⊆ SP , then at there are at least

qxΘs−1− qx−1/(q−2) planes π with π∩SP =h and such that π contains a
B-line.

Proof. Let c0 be the number of B-lines disjoint to SP , let c2 be the number
of B-lines contained in SP \Y , and let c1 be the number of B-lines that meet
SP \Y in a unique point. Lemma 4.7 (b) shows that

c0 + c1 + c2 ≤ q2x q
2s − 1
q2 − 1 +

q2x−1

q − 2 .

As each of the (q+1)qx points of SP \Y lies on at least qx lines of B that
miss Y , we have (q+1)c2+ c1 ≥ (q+1)q2x. Using this as a lower bound for
c2 in the above inequality gives

c0 +
q

q + 1
c1 ≤ q2x q

2s − q2
q2 − 1 +

q2x−1

q − 2 .(17)

(a) There exist exactly q(x+1)(2s−2) subspaces U of dimension 2s− 2 with
U ∩ SP = P . Such a subspace U does not contain B-lines on P . Apply
Result 3.2 to the quotient geometry at P , to see that U contains at least
q2s−2−1

q2−1
lines of B. As every B-line that is disjoint to SP occurs in q(x+1)(2s−4)

such subspaces U , it follows that

c0 ≥
q(x+1)(2s−2) q2s−2−1

q2−1

q(x+1)(2s−4)
= q2x q

2s − q2
q2 − 1 .

This and (17) imply c1≤q2x−2(q+1)/(q−2). This proves (a).
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(b) Let r be the number of planes π with π∩SP = h that contain a B-
line. For the proof of (b) we may assume that r = qxΘs−1 − c with c ≥ 0.
Lemma 3.3 applied to the quotient geometry at P shows

c0 ≥ q2x q
2s − q2
q2 − 1 + cqx.

As c1≥0, this and (17) imply c≤qx−1/(q−2).

Lemma 4.10. If P and R are quasiaffine points with P,R /∈Y , then SP =SR

or SP ∩SR=Y .

Proof. Put U := SP ∩SR. As Y ⊆ U , we have to show that dim(U) �= x.
Assume on the contrary that dim(U)=x. Each of the qx points of U \Y lies
on at least qx lines of B that miss Y . This gives rise to q2x lines that meet
U but not Y . These lines meet U in a unique point. Hence, none of them
lies in SP and SR, so we may assume that q2x/2 of them meet SP \Y but
are not contained in SP . This contradicts Lemma 4.9.

Lemma 4.11. Every point outside Y is quasiaffine. If P is a point of Y ,
then there exists a subspace FP of dimension s+x with Y ⊆FP and such
that the B-lines on P are the lines of FP on P that do not lie in Y .

Proof. Part I: For every point A /∈Y , let qx+dA be the number of B-lines
on A that miss Y . Then Let c0 be the number of B-lines that miss Y . Then

c0 =
1

q + 1

∑
A/∈Y

(qx + dA) =
q2s − 1
q2 − 1 q

2x +
1

q + 1

∑
P /∈Y

dA.(18)

Lemma 4.7 gives

∑
A/∈Y

dA ≤ (q + 1)q2x−1

q − 2 < 2q2x−1.(19)

Notice that dA≥0 with equality iff A is quasiaffine. For points X∈Y , let rX
be the number of B-lines h satisfying h∩Y =X. Put r :=min{rX |X ∈Y }.
Then Y meets at least Θx−1r lines of B. Hence rΘx−1+c0≤|B|. Using (2)
and (18), it follows

r ≤ qx−1Θs(20)

with equality if and only if (2) is satisfied with equality, every point outside
Y is quasiaffine, no line of B is contained in Y , and rX=r for all X∈Y .
In Part II of the proof we show for every point P ∈ Y with r = rP the

existence of a subspace FP of dimension s+x on P such that all lines of FP
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that pass through P but do not lie in Y are B-lines. This gives r≥ qx−1Θs

with equality only if Y ⊆ F . Then it follows that r = qx−1Θs and Y ⊆ FP .
This proves the lemma, since now rX=r for all X∈Y .
Part II: Let P ∈ Y with r = rP . Consider the q2s(x−1) subspaces U of

dimension 2s satisfying U ∩ Y = P . By Result 3.1, each such subspace U
contains at least q2 q2s−1

q2−1 +Θs lines of B. Suppose that e of these subspaces
contain more than this many lines of B. We count pairs (U,h) where U is
a subspace of dimension 2s with U ∩Y = P and h is a B-line of U . Every
B-line h with h∩Y =P occurs in q(x−1)(2s−1) such pairs and every B-line h
with h∩Y =∅ occurs in q(x−1)(2s−2) such pairs. Hence

q2s(x−1)

(
q2
q2s − 1
q2 − 1 +Θs

)
+ e ≤ rq(x−1)(2s−1) + c0q(x−1)(2s−2).

Combining this with c0 ≤|B|−Θx−1r and the upper bound (2) for |B|, we
obtain

q2s(x−1)Θs + e ≤ rq(x−1)(2s−1) + q(x−1)(2s−2)
(
Θx−1q

x−1Θs −Θx−1r
)
.

This gives
e ≤ q(x−1)(2s−2)Θx−2

(
qx−1Θs − r

)
.

As r≥qxΘs−1−qx−1/(q−2) (Lemma 4.7 (a)), it follows that e≤2q2s(x−1)−1.
Denote by U the set consisting of the subspaces U of dimension 2s that

meet Y in P and that contain precisely q2 q2s−1
q2−1 +Θs lines of B. We have

just shown that |U|≥q2s(x−1)(1−2/q). The rest of the proof is divided into
several parts.

(a) If U ∈U , then U contains a point RU and a subspace VU of dimension
s+1 with RU ∈VU such that the B-lines of U on RU are the Θs lines of VU

on RU . Every point of U other than RU lies on q or q+1 lines of U that are
in B. This follows from Result 3.1 applied to U .
(b) We have RU =P for all U ∈U .
To see this, notice first that a point R with R /∈Y occurs in q(2s−1)(x−1)

subspaces U of dimension 2s with U ∩Y =P . Assume that RU �=P for all
subspaces U ∈U . Then we obtain at least

|U|
q(2s−1)(x−1)

≥ (q − 2)qx−2

different points RU . All these points are not in Y and lie on at least Θs lines
of B. Then (19) gives

(q − 2)qx−2(Θs − qx) < 2q2x−1.
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This contradicts (1). Hence, there exists a subspace U ∈U with RU =P . For
U ′∈U the subspace U ′∩VU has dimension

dim(U ′) + dim(VU )− dim(〈U ′, VU 〉) ≥ 2s+ s+ 1− (2s− 1 + x) = s+2− x.

Also RU = P ∈ U ′ ∩ VU . Therefore, at least Θs+1−x of the lines of U on
RU =P lie in U ′. As these lines lie in B, it follows that P lies in U ′ on at
least Θs+1−x>q+1 lines of B. Then (a) implies that P =RU ′ .

(c) Given a set of at most Θs+x−2 lines of B on P , there exists a B-line
on P that is not in this set and that occurs in at least q(2s−1)(x−1)(1−3/q)
of the subspaces U of U .
To see this, we count incident pairs (h,U) with B-lines h on P and

subspaces U ∈ U . Each U ∈ U occurs in Θs of these pairs. Each line of B
on P occurs either in no such pair (when it is contained in Y ), or in at
most q(2s−1)(x−1) (since this is the number of subspaces U of dimension 2s
satisfying U∩Y =P and containing a given line of h with h∩Y =P ). Thus,
if z is the largest number of subspaces U ∈U containing a B-line on P that
is not in the given set, then

Θs+x−2q
(2s−1)(x−1) + (r −Θs+x−2)z ≥ |U|Θs

where r is the number of B-lines on P . As r≤qx−1Θs and |U|≥q2s(x−1)(1−
2/q), it follows that z≥q(2s−1)(x−1)(1−3/q).
(d) For i := 0, . . . ,x−1, there exists a subspace Fi of dimension s+1+ i

on P such that at least Θs+i−(4i)qs+i−1 of the lines of Fi on P are in B.
This we prove using induction on i. For i=0, we take a U ∈U and put

F0 := VU . Then F0 has dimension s+1 and all lines of F0 on P are in B.
Suppose now that 0≤ i≤x−2 and that we have already found a subspace
Fi with the required properties. We shall construct Fi+1.
By (c), we find a B-line h on P that is not in Fi such that the set

Uh :={U ∈U |h⊆U} contains at least q(2s−1)(x−1)(1−3/q) elements. Define
Fi+1 :=〈Fi,h〉. Then Fi+1 has dimension s+2+ i. For U ∈Uh we have

dim(Fi ∩ U) ≥ dim(Fi) + dim(U)− (2s − 1 + x) = s+ 2 + i− x.

We want to show that for most subspaces U ∈ Uh, the subspace Fi ∩U is
contained in VU . First recall from (a) that all B-lines of Fi ∩U on P lie in
VU . Hence, if Fi∩U �⊆VU , then at least qs+1+i−x of the lines of Fi∩U on P do
not lie in B. Suppose that this happens for z of the subspaces U ∈Uh. Then
the number of pairs (l,U) with subspaces U ∈Uh and lines l satisfying l /∈B
and P ∈ l⊆U ∩Fi is at least zqs+1+i−x. On the other hand, the induction
hypothesis says that at most 4iqs+i−1 lines of Fi on P do not lie B. Also
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a line l of Fi on P occurs in at most q(2s−2)(x−1) subspaces of Uh (this is
the number of subspaces of dimension 2s that meet Y in P and contain a
given plane π satisfying π∩Y =P ). Thus comparing the two bounds for the
number of pairs gives

zqs+1+i−x ≤ 4iqs+i−1q(2s−2)(x−1),

that is z≤4iq(2s−1)(x−1)−1. As |Uh|≥q(2s−1)(x−1)(1−3/q), it follows that for
at least d :=q(2s−1)(x−1)(1−(4i+3)/q) subspaces U ∈Uh, we have Fi∩U⊆VU

and thus dim(Fi∩VU )≥s+2+ i−x.
Consider one of these d subspaces U ∈Uh. As h∈B and h⊆U , we have

h⊆VU . Thus,

dim(VU ∩ Fi+1) = dim(VU ∩ Fi) + 1 ≥ s+ 3 + i− x.

This implies that at least qs+2+i−x of the B-lines of U on P lie in Fi+1 but
not in Fi; one of these lines is h. Since every line other than h on P that
lies in Fi+1 but not in Fi occurs in at most q(2s−2)(x−1) subspaces U ∈Uh,
it follows that the number t of B-lines on P that lie in Fi+1 but not in Fi

satisfies
(t− 1)q(2s−2)(x−1) ≥ d(qs+2+i−x − 1).

Thus
t > qx−1(qs+2+i−x − 1)(1 − 4i+ 3

q
).

As Fi contains Θs+i−4iqs+i−1 lines of B on P , it follows that the number
of B-lines of Fi+1 on P is at least

qx−1(qs+2+i−x − 1)(1 − 4i+ 3
q

) +Θs+i − 4iqs+i−1.

This number is larger than Θs+i+1−4(i+1)qs+i.

(e) There exists a subspace F of dimension s+x on P containing at least
Θs+x−1−3q2x−1 lines of B on P .
By (d) some subspace F of dimension s+x contains at least Θs+x−1−4(x−
1)qs+x−2 lines of B on P . Assume that more than 3q2x−1 lines of F on P are
not in B. At least 2q2x−1 of these do not lie in Y . Then (19) implies that one
of these lines, call it h, will have the property that all points of h\{P} are
quasiaffine. This implies that there exists a subspace S of dimension x+1 on
〈h,Y 〉 such that SR=S for all R∈h\{P}. Then every B-line that contains
a point of h\{P} lies in S.
As P lies on Θx−2 lines of Y , then (20) shows that P lies on at most

Θs+x−1 lines of B. We know that at most 4(x−1)qs+x−2 of the B-lines on
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P do not lie in F . As h⊆F , it follows that h lies in at most Θs+x−2+4(x−
1)qs+x−2 planes that contain one of the B-lines on P . Thus, there exist at
most this many planes π on h that contain a B-line and satisfy π∩S = h.
This contradicts Lemma 4.9 (b).
(f) All lines of F on P that are not contained in Y lie in B.

Assume on the contrary that F contains a line h with h∩Y =P and h /∈B.
Consider the set S consisting of the s-subspaces S with S ∩F = h. Then
|S|=q(s+x−1)(s−1). Also, each line l with |l∩F |= |l∩h|=1 lies in q(s+x−1)(s−2)

elements of S, and a line that is skew to F lies in q(s+x−1)(s−3) elements of S.
Every S∈S has dimension s and contains therefore a B-line lS . We consider
different possibilities for the location of S and lS .
Case 1. We have S∩Y �=P . Then S contains one of the Θx−2 lines g of

Y on P . Such a line g lies either in zero or q(s+x−1)(s−2) elements of S (zero
in the case that g is contained in F ). This shows that Case 1 can happen
for at most Θx−2q

(s+x−1)(s−2)≤q(s+x−1)(s−1)−2 elements S of S.
Case 2. S∩Y =P and the line lS meets F . Then |lS ∩F |= |lS ∩h|=1.

We find an upper bound for the number of B-lines that meet h but are not
contained in F . As P lies on at most Θs+x−1 lines of B, Step (e) shows that
P lies on at most 3q2x−1 such lines. If we denote the number of B-lines on a
point Z∈h\{P} by qx+dZ , then qx+1+

∑
P �=Z∈hdZ lines of B meet h\{P};

by (19) shows that this number is at most qx+1+2q2x−1. Thus, at most
qx+1+5q2x−1 of the B-lines that meet h do not lie in F . As each of them
lies in q(s+x−1)(s−2) elements of S, we see that Case 2 can occur for at most

(qx+1 + 5q2x−1)q(s+x−1)(s−2) ≤ 6q2x−1q(s+x−1)(s−2) ≤ 6q(s+x−1)(s−1)−2

elements S of S.
Case 3. We have S ∩ Y = P , lS ∩F = ∅ and lS contains a quasiaffine

point. As S ∩Y = P and P /∈ lS , then lS ∩Y = ∅. The plane π0 := 〈P,lS〉
satisfies π0 ∩F = P . If A0 is a quasiaffine point of lS, then lS ∈ B implies
that lS ⊆SA0 so that SA0 = 〈Y,lS〉. Thus S∩SA0 contain the plane π0 that
satisfies π0∩F =P .
Recall that each quasiaffine point A gives rise to a subspace SA of dimen-

sion x+1 and that different subspaces SA meet in Y . The number of different
subspaces SA is thus at most (q2s−1)/(q2−1). Each such subspace SA con-
tains ΘxΘx−1/(q+1) planes π on P . If such a plane π satisfies π∩F =P , then
π lies in q(s+x−1)(s−3) elements S of S. Putting this information together,
we see that the number of subspaces S ∈ S that satisfy the hypotheses of
Case 3 is at most

q2s − 1
q2 − 1 · ΘxΘx−1

q + 1
· q(s+x−1)(s−3) ≤ 2q(s+x−1)(s−1)−2.
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Case 4. We have S ∩Y = P , lS ∩F = ∅ and lS contains no quasiaffine
point. Thus S contains q+1 points R that are not quasiaffine and satisfy
R /∈F,Y . By (19), there exist less than 2q2x−1 points R outside Y that are not
quasiaffine. Also every point R /∈F occurs in exactly q(s+x−1)(s−2) elements
of S. It follows that Case 4 occurs for less than 2q2x−1q(s+x−1)(s−2)/(q+1)<
q(s+x−1)(s−1)−2 elements of S of S.
Combining Cases 1, 2, 3, 4, we find that |S| ≤ 11q(s+x−1)(s−1)−2. But

|S|= q(s+x−1)(s−1), a contradiction. This completes the proof of (f) and of
the lemma.

Every point A not in Y is quasiaffine, and gives therefore rise to a sub-
space SA of dimension x+1 containing Y , such that the B-lines on A that
miss Y are precisely the qx lines of SA on A that miss Y . Also for two points
A and A′ outside Y we have either SA=SA′ or SA∩SA′=Y (Lemma 4.10).
Thus, if S is the set consisting of the different subspaces SA, then S is a line
spread in the quotient geometry on Y , which is a PG(2s−1,q).
Lemma 4.12. The line-spread S is geometric.

Proof. As mentioned in the introduction, it suffices to show that every s-
subspace of the PG(2s−1,q) (which is the quotient geometry on Y ) contains
a line of S. Back in the original space PG(2s−1+x,q), this means that every
subspace T of dimension s+x on Y contains a subspace SA for some point
A /∈Y . To see this, let S be a subspace of dimension s of T with S∩Y =∅.
Then S contains a line l of B. Then l⊆SA for all A∈ l, which implies that
SA=〈l,Y 〉⊆T .
It remains to show that the sets FP with P ∈Y behave as described in

Example 1.1. For this we need a lemma and a result. The result follows from
Theorem 1 of [8].

Result 4.13. Suppose T is a set of points of PG(d,q) that meets every
subspace of dimension n, where n<d and q≥ 5. If |T |<Θd−n+

√
qqd−n−1,

then T contains a subspace of dimension d−n.
Lemma 4.14. Consider in PG(2s−1,q) a set S of mutually skew lines and
also q+1 subspaces F0, . . . ,Fq of dimension s. Put B′ :=F0∪. . .∪Fq. Suppose
that every subspace of dimension s− 2 contains a point of B′ or a line of
S. Then there exists a subspace E of dimension s−1 and a subspace G of
dimension s+1 such that the Fi are the q+1 subspaces that lie between E
and G.

Proof. We may assume that S is minimal with respect to the property that
every subspace of dimension s−2 contains a point of B′ or a line of S. We
show first that this implies that S=∅.
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Assume that this is not the case and consider a line l∈S. The assumption
just made on S implies that there exists a subspace U of dimension s− 2
on l that contains no other element of B′∪S. As U has dimension s−2, it
is contained in Θs subspaces of dimension s−1; also U meets at most Θs−2

elements of S (since the lines of S are skew). It follows that there exists a
subspace V of dimension s−1 on U such that l is the only line of S contained
in V . As U ∩Fi = ∅ for all i, then V ∩Fi is a point Pi. As every subspace
of dimension s− 2 contains an element of B′ ∪S, then every subspace of
dimension s−2 of V contains l or one of the points P0, . . . ,Pq. This implies
that for each point P ∈ l, every subspace of dimension s−2 of V contains a
point of {P,P0, . . . ,Pq}. The previous result implies then that {P,P0, . . . ,Pq}
contains a line. This holds for any choice of the point P of l. As l lies in
U and the points Pi lie in V \U , it follows that h := {P0, . . . ,Pq} must be
a line. Then this line h of V must meet the hyperplane U of V . This is a
contradiction, since no point Pi lies in U .
Thus every (s−2)-subspace contains an element of B′. As |B′|≤(q+1)Θs,

the previous result implies that B′ contains a subspace G of dimension s+1.
Then G is the union of its q+1 subspaces Fi ∩G. The previous result (in
its dual form) implies then that the Fi are contained in G and form a dual
line, that is they all contain a subspace E of dimension s−1.
Lemma 4.15. (a) If l is a line of Y , then there exists a subspace El of
dimension s+x−1 and a subspace Gl of dimension s+x+1 such that the
subspaces FP with P ∈ l are the q+1 subspaces of dimension s+ x that
lie between El and Gl. This implies that for distinct points P ∈Y also the
subspaces FP are distinct.

(b) If G is the subspace generated by all FP with P ∈Y , then dim(G)≥
s+2x−1.
Proof. (a) Recall that every point P ∈ Y gives rise to a subspace FP of
dimension s+x with Y ⊆FP such that the B-lines on P are the lines of FP

on P that do not lie in Y . Also, for every B-line h that is skew of Y we have
SA = 〈Y,h〉 for all A ∈ h (since the points A of h are quasiaffine), so that
〈Y,h〉 is an element of S.
Consider a complement T of Y , that is dim(T )=2s−1 and T ∩Y =∅. If

P ∈ l, then Y ⊆FP and FP ∩T has dimension s. If S∈S, then S∩T is a line.
The lines S∩T for S∈S form a line-spread of T , which we denote by ST .
Consider a subspace S′ of dimension s− 2 of T . Then S := 〈S′, l〉 has

dimension s. Thus S contains a B-line h. Either h contains some point P ∈ l
and lies then in FP , or h is skew to Y and then 〈Y,h〉∈S. In the first case
S′ contains a point of FP ∩T for some P ∈ l. In the second case S′ contains
the line S∩T for some S∈S.
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It follows therefore from Lemma 4.14 that there exist a subspaces E,G
of T with dim(E)=s−1 and dim(G)=s+1 such that the subspaces FP ∩T
for P ∈ l lie between E and G. Then El := 〈E,Y 〉 and Gl := 〈G,Y 〉 are the
subspaces we are looking for.
(b) Assume on the contrary that there exists a subspaceM of dimension

s+2x−2 containing all subspaces FP . We shall derive a contradiction. We
use the notation of the proof of part (a). Then M ′ :=M ∩T has dimension
s+x−2. A B-line h on a point P of Y lies in FP (but not in Y ) and thus
satisfies h∩M ′ �=∅. In other words, every B-lines that missesM ′ is skew to Y .
Consider a complement U of M ′ in T . Then U has dimension s−x and

Ū := 〈U,Y 〉 has dimension s. Also Ū ∩M ′= ∅. As Ū has dimension s, then
Ū contains a B-line h. As h∩M ′= Ū ∩M ′= ∅, then h is skew to Y . Hence
S :=〈Y,h〉 is an element of S. Therefore U contains the line S∩T of ST .
Hence, every complement U of M ′ in T contains a line of ST . By

Lemma 2.1, there are q(s+x−1)(s−x+1) such complements U . If h∈ST , then
h lies in no such complement if h∩M ′ �= ∅, and h lies by Lemma 2.1 in
q(s+x−1)(s−x−1) such complements if h∩M ′=∅. It follows that

|ST |q(s+x−1)(s−x−1) ≥ q(s+x−1)(s−x+1).

Hence |ST |≥q2(s+x−1). As |ST |=Θ2s−1/(q+1), this is a contradiction.

Lemma 4.16. There exist subspaces E and G with dim(E)=s+x−1 and
dim(G)=s+2x−1 such that E⊆FP ⊆G for all P ∈Y . Moreover, the map
P→FP /E is an isomorphism of Y onto G/E.

Proof. For x=2, this has been proved in part (a) of the previous lemma.
We assume x≥3 from now on. By the previous Lemma, we see that FP∩FP ′

has dimension s+x−1 for any two distinct points P,P ′ ∈ Y . This implies
that there either exists a subspace E of dimension s+x−1 contained in all
FP , or that there exists a subspace M of dimension s+x+1 containing all
FP . As x≥3, part (b) of the previous lemma shows that the second case is
not possible. Hence there exists a subspace E of dimension s+x− 1 with
E⊆FP for all P ∈Y .
Let G be the subspace generated by all FP with P ∈Y . Then dim(G)≥

s+2x−1 by the previous lemma. For each FP we can view FP /E as a point in
the quotient geometry at G/E. Consider the map P→FP /E from Y to G/E.
The previous Lemma implies that this map is injective and that collinear
points of Y are mapped onto collinear points of G/E. The image of the map
is thus a subspace of G/E. As G is generated by the FP with P ∈ Y , it
follows that this map is an isomorphism. Hence dim(G/E)=dim(Y )=x−1,
that is dim(G)=dim(E)+x=s+2x−1.
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The preceding lemma completes the proof that B has the structure de-
scribed in Example 1.1.
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